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SPACE-CHARGE LIMITATION ON THE 

FOCUS OF ELECTRON BEAMS 

By 

J. W. Schwartz 

RCA Laboratories, 
Princeton, N. J. 

Summary—The motion of electrons within a homocentric uniform- 
density beam in the presence of space-charge forces is examined. A universal 
curve for the smallest spot size at the target is obtained. At high beam 
currents this differs significantly from available curves for the beam cross 
section at the point of zero radial velocity. 

Introduction 

SEVERAL papers discussing the effect of mutual electron repulsion 
on the focus of electron beams have appeared in the past. One 
of the better known of these is that of Thompson and Headrick.1 

In cathode-ray tubes and similar electron devices, the smallest spot 
at the screen is not necessarily obtained by focusing the beam in the 
plane of the screen. If beam space charge is a significant factor, the 
smallest spot is obtained by focusing on a plane between the gun and 
screen. Thompson and Headrick have discussed this phenomenon and 
indicate how the minimum spot size may be obtained. Their procedure 
involves the plotting of a multiplicity of beam envelopes for each 
particular set of electrical and geometrical conditions. 

An analytical method of finding the minimum spot size is presented 
here.- Furthermore, a single universal expression that is valid for 
any current, voltage, beam length, etc. is obtained. 

Statement of the Problem 

Figure 1 shows the superposition of two idealized electron beams.* 
The beams have equal currents, voltages, initial diameters and axial 

1 B. J. Thompson and L. B. Headrick, "Space Charge Limitations on 
the Focus of Electron Beams," Proc. I.R.E., Vol. 28, p. 318, July, 1940. 

2 Since the completion of this work, it has come to the author's attention 
that a somewhat equivalent treatment has been developed by D. L. Hollway: 
"The Optimum Space-Charge Controlled Focus of an Electron Beam," 
Australian Journal of Scientific Research, Series A, Vol. 5, pp. 430-43(), 1952. 

The electron beams discussed in this paper are idealized in certain 
respects. Thermal velocities, finite source size, etc. are neglected. See Ref- 
erence (1) for a complete statement of the customary assumptions. 
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lengths. One beam, however, is focused in such a manner that its 
minimum cross section occurs at the screen. The other beam has its 
minimum cross section somewhat ahead of the screen. Since the focus 
point of the first crossover occurs at a greater axial distance from 
the gun than that of the second, the radius of the second crossover 
is of necessity smaller than the first. In fact, the cross section at 
the screen of the second beam is smaller than that of the beam whose 
minimum cross section occurs at the screen. 

The purpose of this paper is to present a derivation of an expression 
for the beam size at the screen when the beam is focused in such a 
manner as to cause the smallest possible spot at the screen. 

An outline of the derivation and the final expression are presented 
in the following section; the complete derivation may be found in 
the Appendix. 

Fig. 1—Cross section of electron beams. Beam 1 is focused for minimum 
beam cross section at the screen; beam 2 for smallest spot size at the screen. 

Universal Expression for the Smallest Spot Size 

The time of flight, T, of an electron path coincident with the 
outside contour of an electron beam is given by the following expression: 

Here K is a constant which depends upon beam current and voltage, 
r the instantaneous radial displacement of the electron along the path, 
and Vf, and r,- the initial beam radius and slope respectively. With 
the beam length and voltage known, T can be determined. The path 
of the integral depends upon beam voltage, current, and upon and r,-. 
The final limit of the integral is rs, the spot size on the screen. 
Equation (10) is differentiated with respect to ri holding the other 
parameters constant in order to find the path yielding the stationary 

( 10) 
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FOCUS OF ELECTRON BEAMS 

value of rs. A transcendental equation involving only the normalized 
spot size, rs/ri, and the quantity fi/K, is obtained. 

Figure 2 is a graph of a numerical solution of the transcendental 
equation. It is a universal relationship for the minimum spot size 
obtainable at the screen for any choice of beam length, Z; voltage, V; 
current, I; and initial diameter, 2ri. A curve which indicates the 
spot size for the condition where the beam is focused in such a manner 
that its minimum cross section occurs in the plane of the screen is 
also shown in Figure 2. At low currents the two curves coincide. At 
larger currents, however, the smallest spot size at the screen is appre- 
ciably smaller than the spot obtained when the minimum beam cross 
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Fig. 2—Universal relationships for beams with minimum beam diameter at 
the screen (curve 1) and for minimum spot size at the screen (curve 2). 

section is made to occur at the screen. In fact, beyond a limiting 
current of about 4 X lO 8 Vv* rf/Z- (amperes), the minimum beam 
cross section cannot be made to occur in the plane of the screen. 

The abscissa of Figure 2 is the ratio of the final and initial beam 
radii and consequently is dimensionless. The ordinate, however, is 
proportional to the square root of the current and inversely propor- 
tional to the % power of the beam potential. Since this is not dimen- 
sionless, the curve applies only when this current is expressed in 
amperes and the potential in volts. For example, at a current of 10-- 
ampere, a potential of lO4 volts, beam length of 10 inches, and initial 
radius of 8 x 10-- inch, the ordinate is 
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71/2 z 10-1 10 
 X — = X = 12.5 X 10-3. 
73/4 r. iQS 8X10 - 

Referring to the curves of Figure 2, it is seen that the smallest obtain- 
able spot size is 1.0 times the initial beam size. Curve No. 1 indicates 
that the beam current is about four times too high to allow the smallest 
beam cross section to occur at the screen. 

Appendix 

The following notation is used in the derivation: 

r = Instantaneous radius of an electron on the edge of the beam, 

r = first time derivative of r, 

r — second time derivative of r, 

r0 — beam radius at the beam minimum cross section, 

ri = initial beam radius, radius at the gun, 

ra = beam radius at the screen, 

Z = gun to screen axial distance, 

t=time (seconds), 

T = gun to screen electron transit time, 

I = beam current (amperes), 

y = beam potential (volts), 

t) = electronic charge to mass ratio 
(= e/m = 1.7G X 1011 coulomb/kilogram), 

e = permitivity of vacuum 
(=8.85 X 10-12 farads/meter), 

K = [^//(Trev'^T/F) ]1/2 meters 'second, 

u = an integration variable 

(= ± \/log r/Vi + r?/K-), 

us= Vlog Jj/rj + fc/K-, 

u0 = Vlog r-Jr^ + rc/K- = 0, 

V(x) = a non-elementary function, = I e"'du, 
J 0 

W = rJK, 

V = Ts/ru 
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FOCUS OF ELECTRON BEAMS 

f{W,p) = 2 We-^ {U (us) + U(W)), 

g(W, p) = l + p W/us, 

P = value of W for which g {W, p) = f{W, p). 

Figure 3 illustrates the usage of the geometrical symbols. 
By a simple application of Gauss's law the electric field just outside 

a long cylinder of charge is found to be 

27rt r\/2^V 

Hence in an otherwise field-free region the motion of electrons under 
the influence of space charge must satisfy the following relation: 

Fig. 3—Beam cross section showing usage of geometrical symbols. 

Tjl 
r = 0. (1) 

2ne r\/2r]V 

If Equation (1) is multiplied by r, 

r/1 r 
0, 

2iTt \ 'Zy \ r 

or, for simplicity, 

K- r 
r r = 0. 

2 r 

But, Equation (3) is an exact differential 

d 

(2) 

(3) 

1/2 • 
dt 

)2 — K- log r ^ = 0. (4) 
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(f) - - K- log r = constant. 

March 1957 

(5) 

Substituting the initial conditions r = r;, r = and f — 0, (6) 

r- — f;
2 — A'- log — = 0. 

Vi 

This may be written 

dr / r 
— — ( / K- log h f.--. 
df V r, 

Then 

KT = 
J 

d 

Beam A log" 
-v 

Since r first decreases from r,- to 
value r,, 

7) 

(8) 

(10) 
'"i 

-\  
K- 

and then increases to some 

7 

KT-J 

dr 
/ 

dr 

• t7 ,oei+^ ^ y 

For convenience let 

Then 

r r.. 
u- = log 1 . 

r, K- 

dr 
2u du = - 

r = u e"~ — i\- K-, 

(ID 

(12) 

(13) 

(14) 

and 

(15) 
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FOCUS OF ELECTRON BEAMS 0 

The sign of the square root was taken as negative in the first term 
and positive in the second term of Equation (11). This was necessary 
since both sides of Equation (11) must increase monotonically as an 
electron traces out a path in time. For consistency then, the same sign 
selection must be made in the application of Equation (15) to the 
two regions. 

Substituting Equations (13), (14), and (15) into Equation (11) 
gives 

KT - - 2ri ea'- 
— — r(//i s*ii 

J: e" 
e"- dii (16) 

When r = r0, however, dr/dt — 0. Hence setting Equation (8) 
equal to zero one obtains 

K- log = — 
r. 

(17) 

or 

r0 = r le- dS) 

Defining — r/K = W, a positive number, and combining Equation 
(18) with Equation (16) yields 

KT = 2rie~W2 e"' du + j" e"'du (19) 

Let V (re) be defined by the equation 

U (x) = I eu- du. ,20) 
J o 

Then Equation (19) becomes 

KT = 2rie-w'- [U{W) + U(.u,)]. (21) 

Remembering that u$ is a function of W, Equation (21) is differ- 
entiated with respect to W. This is equivalent to differentiation with 
respect to ^ for fixed beam voltage, current, beam length, and initial 
diameter. The result is set equal to zero in order to obtain the 
stationary condition with respect to 
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4Wrie~n'- [V(W) + U(vs)] + 2rie-^ 
e":-W 

e + ir= + , 0. (22) 

rs W 
2We~n':2 [U(W) + U (us) ] = 1 4 . (23) 

n Us 

If a new parameter, p, be defined by p = rs/rh Equation (23) may 
then be written as 

pW 
2We-w* [U (W) + U (log p + W2)] =1 + (24) 

Vlog p + W- 

Tables3 of U (x) are available. Equation (24) therefore establishes 
a useful universal relationship between p, the normalized spot size and 
W. It will be noted that W depends only upon the axial beam velocity 

the initial radial velocity of an outside electron, and the 
beam current. 

Equation (21) is an equation in the same variables as Equation 
(24) but also involves the parameter T, the time of flight of an elec- 
tron from gun to screen. Parameter T is given by 

Z 
T =   . (25) 

V2^7 

Here, Z is the beam length. 

The desired relation between V, I, rs, and Z may be obtained 
as follows: Define 

f(W,p) = 2We--w- (U(us) + U(W)), (26) 

W 
g(W,p) = 1 +p . 

Select a value of p and plot / and g versus W. The intersection 
of / and g occurs at some value of W which we may call [3. If the 
process is repeated for a multitude of values of p, a curve of /? versus 
p is established. 

3 H. M. Terrill and L. Sweeny, "An Extension of Dawson's Table of 
the Integral of e*2," Jour. Frank. Inst., Vol. 237, p. 495, June, 1944; "Table 
of the Integral of ex2," Jour. Frank. Inst., Vol. 238, p. 220, September, 1944. 
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FOCUS OF ELECTRON BEAMS 11 

If, now, W in Equation (21) is replaced by /?, Equation (24), the 
minimization constraint on rs is satisfied. Using the value of T from 
Equation (25), 

KZ 
-=2^6-0' (Uip) +U{us(l3))). (27) 

■V^vV 

In terms of / (/3) Equation (27) may also be written 

/ V1 2 1 /(/?) 
/ = _ (28) 

V TreVZr/V y2vV Vi p 

or 

Z1/- Z /(/3) 
174 = . (29) 

y3/4 r. p 

Equation (29) is a universal relationship among V, I, Z, and rs 

for the condition that rs is the smallest possible value. Since [3 depends 
only on p one may plot a single universal curve of 

rs Pr.7j 
  versus  . 
r. y3/4r. 

If the focus is adjusted so that the beam has its minimum cross-section, 
r0, at the screen, a similar universal relationship holds. Both curves 
are shown in Figure 3. 
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DESIGN, CONSTRUCTION, AND HIGH-FREQUENCY 
PERFORMANCE OF DRIFT TRANSISTORS 

By 

A. L. Kestenbaum and N. H. Ditrick 

RCA Seiniconductor Division. 
Somerville, N. J. 

Summary—This paper describes a method of fabricating drift-transistor 
structures1 by combining solid-phase diffusion with alloy-junction techniques. 
Design considerations pertaining to devices made in this manner are pre- 
sented. The electrical characteristics of developmental drift transistors are 
related to their physical structure and data are given describing their per- 
formance as high-frequency amplifiers. 

Introduction 

IN early approaches to the problem of extending the high-frequency 
range of junction transistors, the size of the conventional alloy- 
junction and grown-junction structures was scaled down. Two 

outgrowths were the "tetrodizing"2 of the grown structure which, in 
effect, electrically reduces the junction areas and base resistance, and 
the development of electrochemical etching and plating techniques3 for 
providing a thin base layer and small junction areas without changing 
the configuration of the alloy structure. 

The most significant advances, however, have resulted from the 
development of the drift14,5 and p-n-i-p" structures, both of which 
greatly extend the theoretical frequency limit of the junction transistor. 
Of the two, the drift structure not only possesses slightly superior fre- 
quency possibilities,5 but is also more feasible to construct as a result 
of recent improvements in the technique of solid-phase impurity 

1 H. Kroemer, "Der Drifttransistor," Naturwissenschaften, Vol. 40, 
p. 578, December, 1953. 

2R. L. Wallace, Jr., L. G. Schinipt, and E. Dickten, "A Junction 
Transistor Tetrode for High-Frequency Use," Proc. I.R.E., Vol. 40, p. 1395, 
November, 1952. 

s W. E. Bradley et al, "The Surface-Barrier Transistor," Proc. I.R.E., 
Vol. 41, p. 1702, December, 1952. 

4 H. Kroemer, "Zur Theorie des Diffusions und des Drifttransistors," 
Archiv der Elektrischen Ubertragung, Vol. 8, 1954. 

r' H. Kroemer, "The Drift Transistor," Transistors I, RCA Laboratories, 
Princeton, N. J., 1956, p. 202. 

6 J. M. Early, "P-N-T-P and N-P-I-N Junction Transistor Triodes," 
Pell Sys. Tech. Jour., Vol. 33, p. 517, May, 1954. 

12 
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DESIGN OF DRIFT TRANSISTORS 13 

diffusion in semiconductors. The accurate control of impurity distribu- 
tion obtainable with the diffusion technique has made it possible to 
construct the extremely thin graded impurity region that produces an 
accelerating field for minority carriers in the base region of a drift 
transistor. 

The impurity distribution in a p-n-p drift transistor is shown 
graphically in Figure 1. The high-frequency properties of this struc- 
ture may be summarized by referring to the commonly used high- 
frequency figure of merit.7-s 

Fig. 1—Impurity distribution for a p-n-p drift transistor. 

1 
Figure of Merit = . 

^bb' ^b'r T 

The terms rhb- and Cb-c in this expression are defined in the hybrid-ir 
equivalent circuit. The term r is the transit time of the minority 
carriers in the base. 

The "built-in" field provided by the graded impurity density reduces 
the carrier transit time in the base, t, considerably as compared to 
that in a conventional junction transistor in which the current is car- 
ried by diffusion. The graded impurity density also provides a high 

7 J. M. Early, "Design Theory of Junction Transistors," Bell Syn. Tech. 
Jour., Vol. 32, p. 1271, November, 1953. 

8 L. J. Giacoletto, "Study of P-N-P Alloy Junction Transistor From 
D-C Through Medium Frequencies," RCA Review, Vol. XV, p. 506, Decem- 
ber, 1954. 
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14 RCA REVIEW March 1057 

average impurity density which tends to make the value of resistance 
rw small. The low average base resistivity has no detrimental effect 
on the properties of the collector because the capacitance CVc and the 
"breakdown" voltage depend primarily on the width of the high-resis- 
tivity barrier that separates the collector junction from the active base 
region. 

Construction Techniques 

Drift transistors such as the 2N247 having an impurity distribu- 
tion similar to that shown in Figure 1 have been made by a process 
combining solid-phase-diffusion and alloy-junction techniques. In this 
process, the diffusion technique is used to obtain a "skin" of graded 
n-type impurity on a pellet of high-resistivity (30 to 50 ohm-centi- 
meter) n-type germanium. This skin is then removed from one face 
of the pellet by acid etching, and a p-type collector junction is alloyed 
into the etched side. A p-type emitter junction is alloyed into the face 

from which the skin of graded n-type impurity was not removed. The 
structure is completed by a ring-type base tab soldered to the emitter 
side of the pellet. 

A cross-sectional view of this structure is shown in Figure 2. The 
shading on the emitter side of the germanium pellet indicates the 
graded impurity region. Important parameters which must be con- 
trolled in the construction process are the surface concentration of the 
diffusing impurity, the impurity distribution in the graded region, 
and the penetration depth of the alloy junctions. 

Diffusion Process 

The impurity diffusion is performed in a vacuum furnace having 
two temperature zones, as shown in Figure 3. The temperature of the 
first or "source" zone is such that an arsenic vapor pressure of approxi- 
mately 10millimeter of mercury is obtained from a source of pure 
arsenic. The metal shield in this zone prevents undesirable condensation 
of the arsenic vapor on the colder portion of the furnace tube. In the 
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DESIGN OF DRIFT TRANSISTORS 15 

second or "hot" zone, which contains a carbon boat or jig for the 
germanium pellets, the temperature is adjusted to control the diffusion 
process. 

The impurity concentration at the surface of the crystal pellet is 
controlled by the vapor pressure of the arsenic, the pellet temperature, 
and the furnace geometry. For a temperature of 200°C in the source 
zone and 785"C in the hot zone, the measured'" surface concentration 
is approximately 5 X 1017 per cubic centimeter. 

If the surface concentration is assumed to be constant throughout 
the diffusion period, the impurity distribution in the graded region, 
C (x), is given by the expression 

VACUUM 
SYSTEM 

Fig. 3—Sketch of vacuum furnace used for diffusion process. 

C(x) — C, erfc x/2L, 

where Cs is the surface concentration, x is the distance into the crystal, 
L is the impurity diffusion length - (Dt)1'-, where D is the diffusion 
constant and f is time, and erfc is the complementary-error function. 
Because both the surface concentration, Cs and the diffusion constant, 
D, are functions of the pellet temperature, desired variations in the 
width of the graded region are made by changing the time of the 
diffusion process. 

After the pellet is diffused, it is imbedded in a coating of Kel Fr 

(200) wax on a glass slide, and the n-type skin is removed from the 
exposed face by acid etching. 

* For this measurement, arsenic is diffused into a crystal having a 
known acceptor density, and the depth into the crystal at which compensa- 
tion takes place is determined. Because the diffusion length is known (from 
the temperature and time of diffusion), the surface concentration can be 
determined by extrapolation of the assumed complementary-error-function 
distribution. 

T Trademark of the N. W. Kellogg Co., Jersey City, N. J. 
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Alloying Process 

Accurate control of both the area and the depth of penetration of 
the alloy junctions is obtained by means of the alloying technique 
described by Mueller and Ditrick.9 In this technique, the alloy dot is 
first soldered to the germanium with the aid of a flux at a relatively 
low temperature (360oC). The soldering insures good wetting, estab- 
lishes the final area of the junction, and aids in maintaining a flat 
junction front during the higher-temperature alloying process. After 
the soldering process, the junction is fired in a hydrogen atmosphere 
at a temperature determined by the desired depth of penetration. As 
pointed out by Mueller and Ditrick," the flatness of the junction front 
with respect to the crystal face depends on the accuracy with which 
the crystal is aligned with the (111) plane. 

Emitter-Junction Design Considerations 

The desired penetration of the emitter junction is determined by 
consideration of the emitter injection efficiency, the magnitude of the 
field in the base region, and the effect of the emitter transition capaci- 
tance, CV„ on far(, (the frequency at which the current transfer ratio 
is 0.707 times the low-frequency value). If, for simplicity, the impurity 
distribution in the base is assumed to be exponential, the "built-in" 
field is constant. The strength of this field is equal to the potential 
change in the base region divided by the width of the base. The base 
width is defined as the distance between the emitter junction and the 
edge of the collector depletion layer. Since the potential difference is 
proportional to the logarithm of the ratio of impurity densities at the 
edges of the base layer, the field strength is also proportional to this 
quantity. The field can be increased, therefore, by an increase in the 
impurity density in the base region adjacent to the emitter. However, 
because the injection efficiency depends on the ratio of the impurity 
densities in the emitter and the base region, the density in the base 
cannot be increased indefinitely without an impairment of injection 
efficiency. For an alloyed emitter, a good balance between injection 
efficiency and field strength is reached when the impurity density in 
the base region adjacent to the emitter is in the range of 5 X 1018 to 
1017 per cubic centimeter. 

The accelerating field in the base reduces the transit time and 
thereby tends to decrease the capacitance due to storage of minority 
carriers in the base. However, the high impurity density at the emitter 

9 C. W. Mueller and N. H. Ditrick, "Uniform Planar Alloy Junctions 
for Germanium Transistors," Transistors /, RCA Laboratories, Princeton, 
N. J., 1956, p. 121. 
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DESIGN OF DRIFT TRANSISTORS 17 

required to produce this field tends to increase the transition capaci- 
tance of the forward-biased emitter diode. The importance of the 
emitter transition capacitance is illustrated in the simplified common- 
base equivalent circuit8 shown in Figure 4. The resistance rc is shunted 
by both the storage capacitance, Cs, and the emitter transition capaci- 
tance, C,;/. Because the current through the emitter transition capaci- 
tance is a true displacement current, it does not appear either as 
minority carriers in the base or as collector current. Even if the 
storage capacitance is neglected, the a-c collector current will be 3 
decibels below its low-frequency value when the impedance of the 
emitter transition capacitance equals the resistance rr This condition 
defines a frequency, /,,, given by 

q i e i 

hT 2irCet 

where is the d-c emitter current, q is the electronic charge, k is 

 OC 

:cc 

b 
Fig. 4—Simplified common-base equivalent circuit. 

Boltzmann's constant, and T is the absolute temperature in degrees 
Kelvin. 

The frequency fa,., of the transistor is determined by the parallel 
combination of the frequency fr mentioned above and a frequency fs 

determined by transit-time effects in the base region: 

1 1 1 

face fs fr 

The frequency fe varies linearly with emitter current provided the 
emitter transition capacitance does not change appreciably with the 
applied forward bias. Because fs is independent of emitter current, 
face should also vary linearly with current for small values of IE (where 

fe « fs) ■ Figure 5 shows a curve of face as a function of emitter current 
(with collector-to-base voltage constant) for a developmental drift 
transistor. 

Although some variation of farn with emitter current occurs in all 
junction transistors, the relationship is more pronounced in this par- 
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ticular drift transistor because the emitter and base storage capaci- 
tances are of the same order of magnitude. The undesirable effect of 
the emitter transition capacitance can be minimized by decreasing the 
emitter area. In the design of a transistor, however, a balance must 
be reached between the frequency capabilities of the device and the 
difficulty of construction. 

In the alloying of the emitter junction, a dot material having a 
high injection efficiency10 is used. A relatively low temperature (450°C) 
is used to obtain the penetration accuracy necessary to place the 

1 1 1 DRIFT TRANSISTOR 
COMMON-BASE CIRCUIT, 

EMITTER INPUT COLLE 
VOLT 

CTOR-T 
S = -9 

d- BASE 

'ac. 

/ 

/ 

/ 

f 

/ 
/ 

ol    1   0 -0.4 -0.8 -1.2 -1.6 -2,0 -2.4 
EMITTER MILUAMPERES 

pig. 5—Curve showing/<ic« as a function of emitter current (with collector- 
to-base voltage constant) for a developmental drift transistor. 

junction at the proper impurity level in the rapidly varying graded 
region. Insufficient penetration results in poor injection efficiency and 
large emitter transition capacitance. Too great a penetration causes 
high base resistance (because the average resistivity in the base is 
increased) and a low collector-to-emitter "punch-through" voltage. 

Base-Region Impurity Distribution 

Kroemer5 has shown that the frequency fs determined by transit- 
time effects in the base region is given by 

10 L. D. Armstrong, C. L. Carlson, and M. Bentivegna, "P-N-P Tran- 
sistors Using High-Emitter-Efficiency Alloy Materials," Transistors /, RCA 
Laboratories, Princeton, N. J., 1956, p. 144. 
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D p (]AV \-V2 

ttJV2 \ 2kT 

where fJp is the hole diffusion constant, W is the base width or distance 
between the emitter junction and the edge of the collector depletion 
layer, and AV is the potential difference determined by the change in 
base-region impurity concentration between these points. The desired 
impurity density at the emitter is determined by the considerations 
discussed previously. The base width and impurity concentration at 
the edge of the collector depletion layer depend not only on the impurity 
density gradation but also on the penetration depth of the collector 
depletion layer into the graded region. An involved iteration process 
has been developed for calculating the necessary gradation of impurity 
density to yield a desired value of f$. However, for the type transistor 
described, the accuracy of this process is easily approached by an 
empirical method. In this method, the quantity (qAV/2kT):,/2 is 
assumed to have a value of 4, and a base width for the desired fs is 
calculated from the equation above. The impurity change consistent 
with the assumed value of Ay is 200. The impurity diffusion length 
necessary to provide this impurity change in the calculated base width 
is then obtained directly from the complementary-error function. 

In the alloying of the collector junction, the depth of penetration 
must be adjusted so that the width of the collector barrier provides 
the desired value of capacitance Cr (Figure 4). The width of the high- 
resistivity region is easily determined by subtracting the width of the 
graded region from the known pellet thickness. The depth of penetra- 
tion and the junction area are then adjusted so that the desired 
capacitance is obtained when the remaining width is substituted for 
d in the equation 

where A is the junction area, d is the width of the collector barrier, 
and € is the dielectric constant of germanium. 

In the construction of the collector junction, an In-Zn alloy dot and 
an alloying temperature of 590oC are used. The pellet thickness and 
junction area are adjusted as described above to provide the desired 
capacitance values. 

Collector-Junction Design Considerations 

d 
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Because wide depletion layers are used to obtain low capacitance, 
it is necessary to consider the minimum collector-to-base voltage for 
which the high-frequency characteristics of the device are obtained. 
This voltage must be large enough to cause the depletion layer to 
completely penetrate the high-resistivity region so that (1) the transit 
time through this region is small in comparison to the base transit 
time, and (2) face and the current transfer ratio do not vary appre- 
ciably with collector-to-base voltage so that the inherently high output 
impedance of the drift transistor is realized. 

When the resistivity and width of the barrier region are known, 
the penetration voltage is calculated by means of simple abrupt-junction 
theory. For minimum transit time, however, the field in the barrier 
region must be great enough so that the limiting carrier-drift velocity 
is maintained throughout the region. J. M. Early'5 has shown that this 
condition requires a minimum field of one volt per micron of depletion- 
layer thickness and results in a transit time of 2 x lO^11 second per 
micron. In the developmental drift transistors described here, it has 
been determined that the field in the collector barrier produced by the 
minimum voltage necessary to penetrate it is sufficient to make the 
transit time in the depletion layer negligible with respect to the transit 
time in the base. 

The variation of face and output impedance with collector-to-base 
voltage depends on the rate of change of the base width with collector 
voltage. This change in base width is caused by the variation in the 
width of the collector depletion layer with voltage. When the depletion 
layer terminates in the low-impurity-density barrier region, the varia- 
tion of width with collector-to-base voltage is large. As the voltage is 
increased, the depletion layer penetrates the graded region. Because 
the impurity density increases rapidly in this region, the rate of change 
of the width of the depletion layer with voltage becomes small. When 
the variation of base width with voltage is small, far.r does not vary 
appreciably wTith voltage and the output impedance is high. 

Typical curves of fa,.r and output impedance as functions of collector 
voltage for a developmental drift transistor are shown in Figure 6. In 
the unit measured, the voltage necessary for the depletion layer to 
penetrate the collector barrier is approximately - 2 volts. The data 
shows the actual starting voltage to be approximately - 4 volts. 

Calculation of Base Resistance 

The calculation of the base resistance for a drift transistor structure 
such as that shown in Figure 2 is straight-forward.3 The base resist- 
ance consists of the spreading resistance of the base region directly 
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under the emitter and the extrinsic ring resistance, or resistance of 
the ring of germanium between the outer edge of the emitter and the 
base. The spreading resistance, rs, is given by7 

I'D 
^ S * 

SttW, 

where pj, is the average base resistivity and Wb is the base width. 
Because the impurity density in the base is graded, the resistivity 

value is calculated from the average impurity density. A good approxi- 
mation for average density is obtained by assumption of an exponential 
distribution. The average density, N, is then given by 

32 

28 
1 24 
o z 
ZD 20 o- 
QC Li_ 1 6 
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] 0.12 
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Fig. 6—Curves showing faa and output impedance as functions of collector 
voltage for a 2N247 drift transistor. 

N= (L/Wb) iNe-Nc) 

where L is the characteristic length of the assumed exponential im- 
purity distribution, Wh is the base width, Ne is the impurity density 
at the emitter, and Nc is the impurity density at the edge of the col- 
lector depletion layer. When the variation of mobility with impurity 
density is neglected, the average resistivity, pb, is given by 

1 
Pb 

where fxn is the electron mobility. In the developmental units that have 
been constructed, the average base resistivity is usually of the order 
of 0.1 ohm-centimeter. 
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The extrinsic ring resistance, r, is obtained from the equation 

t'b 
r = In dt/dc 

2-\\" 

where d, is the diameter of the base tab hole and d0 is the diameter of 
the emitter. The resistivity f>b' in this equation is obtained from the 
average impurity density in the entire graded region, and the width 
W,/ is the distance from the pellet surface to the end of the graded 
region. Because the impurity concentration at the surface is greater 
than that adjacent to the emitter, is less than p/,. Wis greater 
than because the penetration of the emitter junction and collector 
depletion layer into the graded region need not be considered. 

DIMENSION-MILS 
TYPE A B C 0 E F G 

RCA-2N247 10 15 1.8 30 0.2 0.7 0.8 
DEVEL. TYPE 6 10 1 .1 30 0.1 0.5 0.3 
DEVEL. TYPE 3 5 0.75 10 0.08 0.3 0.25 

Fig. 7—Dimensions of 2N247 and two developmental drift transistors. 

Characteristics of Drift Transistors 

The construction techniques and design considerations presented 
above have been used in the development of the 2N247 drift transistor 
and in two other developmental units in which the same basic structure 
is scaled down to improve frequency response. In the developmental 
units, not only are the junction area and pellet thickness reduced but 
the diffusion depth and emitter transition capacitance are also de- 
creased, as shown in Figure 7. The impurity diffusion lengths in the 
2N247 and the developmental transistors are 0.17, 0.07, and 0.05 mil, 
respectively. These lengths are the result of arsenic diffusion at 7850C 
for periods of 3 hours, 30 minutes, and 15 minutes, respectively. 
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The electrical parameters and power gains obtainable from these 
devices at various high frequencies are shown in Table I. The power- 
gain data was measured in a common-emitter unneutralized circuit by 
the Advanced Development Group of the RCA Victor Television Divi- 
sion at Camden, N. J. Somewhat higher values of gain can be obtained 
at most frequencies by the use of neutralized circuits. 

The 2N247 is an excellent example of the improvement in transistor 
frequency response that can be achieved by the use of the drift- 
transistor structure. The high-frequency figure of merit of the 2N247 
is an order of magnitude greater than that of conventional alloy- 
junction transistors, although no appreciable change has been made 
in the dimensions or processing procedures except for the introduction 
of a solid-phase impurity diffusion. The results that can be achieved 
by scaling down the 2N247 structure are indicated by the performance 
of the developmental types (Table I). 

Table I—Electrical Characteristics and Power Gain of Drift Transistors. 

10.7 40 70 
mc. mc. mc. 

Cc I'hh' f (Ice f max P.G. P.G. P.G. noise 
Wf O me. ■ mc. db* dbt dbt factor 

2N247 1.7 40 30 130 22.5 8 db 
Developmental 1.0 < 50 90 225 14 9 db 

calc. (45 mc) 
Developmental 0.5 < 100 125 400 14 7 db 

calc. (70 mc) 

* Measured at Vc    9 volts, L = 1 milliampere. 
t Measured at Vc = —15 volts, /, — 2 milliamperes. 
t Measured at Vc —15 volts, I = 1.5 milliamperes. 
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VALIDITY OF TRAVELING-WAVE-TUBE 

NOISE THEORY 

By 

R. C. Knechtli' and W. R. Beam" 

Summary—This paper presents and discusses the resnlts of a series 
of experiments designed to investigate the validity of the first-order theory 
of noise in traveling-wave tubes, and to indicate its limitations. Higher-order 
effects, also revealed by these experiments, are discussed elsewhere. Making 
proper allowance for these effects, good agreement between first-order theory 
and experiment has been established. 

A further purpose of the present measurements was to determine the 
correlation between beam current and electron velocity fluctuations at the 
potential minimum in front of the cathode. This correlation ivas found to 
be zero within the accuracy of the measurement. 

Introduction 

A LTHOUGH a consistent first-order theory of noise in traveling- 
wave tubes has existed for some time,1 s no proper experimental 

-A JX. verification has, to the authors' knowledge, been described. 

The purpose of this paper is to present and discuss the results of a 
series of experiments designed to investigate the validity of this theory 
and to indicate its limitations. These experiments also bring out the 
importance of various higher-order effects not predicted by the first- 
order theory. (These effects are now basically understood and are 
described elsewhere.0 7) However, no attempt was made to measure 
noise-current smoothing at the potential minimum/9 nor to observe 
noise figure reduction due to higher-order modes.10 

* RCA Laboratories, Princeton, N. J. 
t RCA Tube Division, Princeton, N. J. 
1 D. A. Watkins, "Traveling-Wave Tube Noise Figure," Proc. I.R.E., 

Vol. 40, p. 65, January, 1952. 
- S. Bloom and R. W. Peter, "A Minimum Noise Figure for the Travel- 

ing-Wave Tube," RCA Review, Vol. XV, p. 252, June, 1954. 
3 J. R. Pierce and W. E. Danielson, "Minimum Noise Figure of Travel- 

ing-Wave Tubes with Uniform Helices," Jour. Appl. Phys., Vol. 25, p. 1163, 
September, 1954. 

4 H. A. Haus and F. N. H. Robinson, "The Minimum Noise Figure of 
Traveling-Wave Amplifiers," Proc. I.R.E., Vol. 43, p. 981, August, 1955. 5 S. Bloom, "The Effect of Initial Noise Cun-ent and Velocity Correlation 
on the Noise Figure of Traveling-Wave Tubes," RCA Review, Vol. XVI, 
p. 179. June, 1955. G W. R. Beam, "Noise Wave Excitation at the Cathode of a Microwave 
Beam Amplifier," to be published in Trans. I.R.E. PGED, July, 1957. 7 R. C. Knechtli, "Increase of Electron Beam Noise in Velocity Jumps," 
presented at the Electron Tube Research Conference, Boulder, Colo., June, 
1956. 
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Theoretical Relations 

The Bloom and Peter theory- is representative. Noise introduced 
in the electron beam at the cathode (or the potential minimum) is 
transformed by the accelerating and drift regions following in the 
electron gun. In a drift region, for example, the noise current and 
noise velocity should, according to the first-order theory, follow a 
regular standing-wave pattern. In an accelerating region, the noise 
current and velocity are not periodic functions of distance, but it has 
been shown1 that the space-charge waves have important conservation 
properties. 

The physically most pleasing model of the space-charge wave trans- 
formation in the electron gun and drift regions is the transmission-line 
analogue of Bloom and Peter.11 The conservation rules for the space- 
charge waves on an electron beam are the same as for power on a 
transmission line, and a "characteristic impedance" W may be defined9 

as follows for the electron beam: 

V0 o>v 
W = 2  (1) 

I0 (O 

where V^ — d-c beam potential, 

/0 = d-c beam current, 

(up = reduced plasma frequency,1 

« = signal frequency. 

In a first-order approximation taking only a single space-charge wave 
into account, the r-m-s noise current, I, in a drift space of constant 
potential and transverse dimensions varies periodically along the beam 
between a minimum value /miI1 and a maximum value /max; the variation 
of /- with distance along the beam is sinusoidal and of spatial period 
equal to \p/2 where Ap is the plasma wavelength, and v is 
electron velocity. 

8 D. A. Watkins, "Noise at the Potential Minimum in the High-Fre- 
quency Diode," Jour. Appl. Phys., Vol. 26, p. 622, May, 1955. 

'•'P. K. Tien and J. Moshman, "Monte Carlo Calculation of Noise Near 
the Potential Minimum of a High-Frequency Diode," Jour. Appl. Phys., 
Vol. 27, p. 1067, September, 1956. 

10 W. R. Beam, "Reduction of Traveling-Wave Tube Noise Figure 
Including Higher Order Mode Effects," presented at the Electron Tube 
Research Conference, Boulder, Colo., June, 1956. 

11 S. Bloom and R. W. Peter, "Transmission-Line Analog of a Modulated 
Electron Beam," RCA Review, Vol. XV, p. 95, March, 1954. 
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According to the first-order theory, the noise figure, F, of a travel- 
ing-wave tube also varies periodically with distance, with a spatial 
period equal to Xv/2, as the input end of the helix is moved axially 
along the beam. When the helix is moved, the minimum noise figure, 
Fmin, is obtained for a definite distance lovl between noise-current 
minimum and helix input, and the maximum noise figure, Fmax, is 
obtained for positions /\p/4 away from this optimum helix input 
position. F is also a function of the noise-current standing-wave ratio 
(SWR), rj, at the helix input; Zopt, however, is independent of 

The first-order theory predicts the following relations between noise 
figure and noise current: 

w ^moxAtiin / V2 + V2ovt 
F]u\n - 1 =   (1 - v) i / AQCfJi , (2) 

kTAf \ 2VVapt 

W ^niax^min / ^ V'Vopt 
Fmn% - 1 = (1 - A / AQCfJ, , (3) 

kTSf Y ZvVopt 

where W is the characteristic beam impedance15 defined in Equation 
(1). /n).ix and /lni]l are the noise-current maximum and minimum in 
the drift space preceding the helix. Q and C are Pierce's12 space-charge 
and gain parameters, respectively. The other quantities appearing in 
Equations (2) and (3) are 

k = Boltzmann's constant, 

T = ambient temperature in °K, 

Af — bandwidth over which the noise current, 7, is measured 
(the usual definition of noise theory), 

Pr (a) 
V —   , 

^ ^nmx^niin 

PR (a) = real part of the noise power at the potential minimum, 
as defined by Bloom,5 

/,,,/j = maximum and minimum value respectively, of Watkin's 
"/" function,1'5 

Tjopt = optimum value of the noise current SWR, rj, correspond- 
ing to the smallest value of Fmin. 

12 J. R. Pierce, Traveling-Wave Tubes, D. Van Nostrand, New York, 
New York, 1950. 
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The quantities \/4QC/„/i and r;0I)t are readily found as functions of 
QC and of Pierce's helix-loss parameter, d. The parameterization of 
formulas and the curves published by Bloom" are particularly well 
suited to this purpose. The quantity r is a measure of the correlation 
between beam current and electron velocity fluctuations at the potential 
minimum. It varies between —1 at full negative correlation and +1 
at full positive correlation, and is zero in the absence of correlation; 
v also is identical to tt/S, the ratio of the invariant real part tt of the 
cross power density spectrum to the invariant S, both defined by Haus.'3 

The value of i0|)t (optimum helix position) predicted by the first- 
order theory is given by 

^opt 
^opt =   27r. 

^■p 
where (4) 

1 
^,1 = — O —y). 

2 

\v = plasma wavelength, 

y is a function of QC and d only, and has been defined by Bloom and 
Peter.- ^opt as defined by Equation (4) also is given directly as a 
function of QC and d by Bloom's curves.5 One observes that \j/ovt is 
independent of the noise current SWK, tj, and of the correlation 
parameter, v. 

Description of Measurements 

The purpose of the measurements to be described was to establish 
the validity and any practical limitations of the theoretical relations. 
Equations (2), (3), (4), and to determine the experimental value of 
the correlation parameter v appearing in Equations (2) and (3). For 
this purpose, the beam noise current, I, had to be measured in a drift 
region as a function of axial position. The noise figure, F, correspond- 
ing to this noise current had also to be measured as a function of 
helix position along the axis of the beam. This could only be done by 
performing noise current and noise figure measurements on the same 
beam, keeping the conditions of measurement (gun parameters, beam 
current and electrode potentials) unchanged throughout each set of 
measurements. 

13 H. A. Haus, "Noise in One-Dimensional Electron Beams," Jour. Appl. 
Phys., Vol. 26, p. 560, May, 1955. 
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The noise current was measured by means of a resonant cavity, 
loosely coupled to the beam, and movable along the beam axis. The 
noise figure was measured on a traveling-wave amplifier consisting of 
this same beam and a movable helix assembly. The whole assembly 
is schematically sketched in Figure 1. For mechanical convenience, the 
cavity and helix move together as a single unit (constant spacing 
between cavity gap and helix input end). To prevent any effect of 
the cavity on the helix noise figure measurements, the latter were 
performed at a frequency differing by about 100 megacycles (at 3,000 
megacycles) from the resonant frequency of the cavity. The beam is 
launched from a conventional three-region low-noise gun sketched in 

 -FROM REFERENCE NOISE SOURCE 

  

 —INPUT OF HELIX 

 "-TO RECEIVER 
/ 

NOISE MEASURING CAVITY MOVABLE HELIX 
(MOVABLE ALONG THE BEAM) (ATTACHED TO CAVITY) 

Fig. 1—Noise current and noise figure measuring assembly. 

Figure 2. The details of the measuring apparatus and the method of 
measurement are described elsewhere.14 

In Equations (2) and (3), Fmin and Fm.,x are given as functions of 
the beam "noisiness" W Im.ix Imm, of v, and of the noise current SWR, 
t). According to the first-order theory, the noisiness, for given d-c beam 
current and cathode temperature, should be constant and independent 
of It was found, however, that the noisiness varied with the gun 
potentials and, therefore, with These effects are not predictable by 
the first-order theory. They are mainly caused by the effects7 produced 
by potential discontinuities in the gun. In addition, the theoretical 
value of noisiness predicted by assuming Rack velocity15 and full shot 
noise at the potential minimum also was found to be incorrect as a 
consequence of higher-order effects.^ Under these conditions, all that 

14 W. R. Beam and R. C. Knechtli, "High Precision Demountable Elec- 
tron Beam Noise Measuring Apparatus," presented at the Congres Tubes 
Hyperfrequence, Paris, France, May, 1956. 

15 A. J. Rack, "Effect of Space Charge and Transit Time on Shot Noise 
in Diodes," Bell Sys. Tech. Jour., Vol. 17, p. 592, 1938, 

n 
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the first-order theory can predict is the noise figure corresponding to 
the measured noisiness and the unknown v. This suggests the follow- 
ing program of measurements: 

1. measurement of the beam noisiness, 

2. measurement of noise current SWR, rj, 

3. measurement of the corresponding values of Fmm and Fm!lK, 

4. comparison of both sets of measurements with Equations (2), 
(3), and (4), finding the value of v for which the experimental 
data fits the theoretical relations of Equations (2) and (3). 

r-l st ANODE 
CATHODE ELECTRODE 

V [-2nd ANODE 
\ 

CATHODE 
D1A, = 25 mils 

y i 

\t i 

-3rd ANODE 
▼ T 

I I .075" 

Isf. REGION - 
2nd REGION  

70 

t | 

180 

-3rd, REGION 

mils 

ELECTRODE THICKNESS : 5 MILS 

Fig. 2—Three-region low-noise gLin. 

Sevei'al such series of measurements were performed, all leading 
to similar results. Figure 3 shows one set of noise current measure- 
ments; the ordinate Y is a measure of the beam noise current and is 
defined by 

y = 10 log 
p 

(5) 
IK 

where /- = mean square beam noise current, 

/-si, = 2eI0Af = mean square shot noise current correspond- 
ing to the d-c beam current /0. 

The abscissa 2 represents the distance along the beam, referred to an 
arbitrary fixed plane, z=0, located approximately 1.7 inches from the 
third anode of the gun. Throughout the entire series of measurements, 
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the d-c beam current, was held constant at 300 microamperes, and 
the d-c beam potential, V{), in the drift space following the gun, was 
held constant at 650 volts. The noise current SWR, rj, was changed 
from one run to the next by changing the second-anode potential of 
the gun, keeping the d-c beam current constant by appropriate (small) 
changes of cathode electrode potential. First- and third-anode poten- 
tials were held constant with Vai = 50 volts and Va^ = 500 volts. The 
confining magnetic field used to focus the beam corresponded to B = 825 
gausses. The resonant frequency of the noise-measuring cavity was 
3,000 megacycles. The results of the measurements of Figure 3 are 
summarized more meaningfully in Figures 5 and 6. One observes that 
Figure 5 is consistent with the analogy between transmission-line 
transformers and multi-region low-noise guns,16 while Figure 6 shows 
the importance of lens effects7 on noisiness.* 

The set of noise figure measurements under conditions correspond- 
ing to those of the noise current measurements of Figure 3 is shown 
in Figure 4. On the curves of Figure 4, the ordinate is the noise figure, 
F, expressed in decibels. The abscissa, z, is the distance between the 
input end of the helix and the same fixed reference plane (z = 0) 
defined above. The curves of Figures 3 and 4 are arranged so that 
the noise-current measurements of Figure 3 correspond to the noise- 
figure measurements of Figure 4. F was measured at the helix potential 
corresponding to maximum gain, which was again yo = 650 volts. 

Evaluation of the Measurements 

To facilitate the comparison of the theoretical relations, Equations 
(2) to (4), with the measurements of Figures 3 and 4, it is convenient 
to define a quantity N which is proportional to the beam noisiness as 
follows: 

^max^min 
A7 = . (6a) 

One observes that since IV and 72
sh are constant throughout the whole 

16 R. C. Knechtli and W. R. Beam, "Performance and Design of Low- 
Noise Guns for Traveling-Wave Tubes," RCA Review, Vol. XVII, p. 410, 
September, 1956. 

* It should be mentioned that similar measurements of noise current 
have been performed at M.I.T., prior to this work, by Smullin and Fried; 
however, no corresponding measurements of noise figure were made. 
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W I I '' ' max in in 

kT\f 

X, eV 
4- ■N. 

Xp kT 
(7) 

where \e = — = electronic wavelength, 
/ 
v = electron velocity, 

Db ABOVE 
SHOT NOISE 

"8 

Legend : N Im 1 MIN 
I2s 

Vqz-Second anode potential 

Fig. 6—Noiseness versus second-anode potential. 

/ = signal frequency, 

v 
\n = 27r   = plasma wavelength. 

= reduced plasma frequency, 

e = charge of the electron, 

k = Boltzmann's constant, 

T = absolute temperature (0K), 

V0 = d-c beam potential with respect to cathode, in the 
drift region, including the helix region. 
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TRAVELING-WAVE-TUBE NOISE THEORY 

Equations (2) and (3) now can be rewritten in a form better suited 
to experimental verification; 

•^min 1 ^-e ^^0 / V (" ^"opt 
= 4    i / 4QCfafi •   , (2a) 

N \p kT y ZvVopt 

^ wax ^ / I + V2V2ol.t 
- = 4 A / iQCfJi . (3a) 

N xP kT v 2vvoVt 

From cold tests it was found that the helix used in these measure- 
ments had d = 0.2. From gain measurements, QC = 0.17. For these 
values of QC and d one has:5 

\/ 4QCfufj — 0.66, 

Vopt 2. 

From the noise-current measurements of Figure 3, one finds for the 
plasma wavelength an average value of 

A;, = 240 millimeters. 

The other numerical values from the measurements, to be introduced 
into Equations (2a) and (3a), are 

yo = 650 volts, 

\e = 5.05 millimeters, 

e/kT = 39 y-1 (corresponding to 25"C room 
temperature). 

Under these conditions, the theoretical values of (Fmin — 1)/N and 
—1)/N Predicted by Equations (2a) and (3a) are represented 

for the case v=0 (no correlation) by the theoretical curves shown in 
Figure 7. 

In order to compare the theoretical curves of Figure 7 with the 
measurements of Figures 3 and 4, the experimental values of Fmnx, 
Fmln, N, and r; must be found from the data of Figures 3 and 4. At 
this point, one observes that the noise current and noise figure curves 
are not perfectly periodic with distance; as a consequence of higher- 
order modes,1" a slight increase with distance was found to be added 
to the sinusoidal variation of these quantities. Inspection of the experi- 
mental curves indicates this increase to be rather linear, at least over 
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Pig. 7—Noise figure "F" versus noise current SWR, v. 

the distances considered. A reasonable means of adjusting the data 
is as follows: 

Let AF be the increase of noise figure over a half plasma wavelength 
(in the absence of higher order effects, Af = 0). Let F be the noise 
figure measured at a plane z; the value of F reduced to the plane z0 is 

One may notice that AF, in all measurements described here, is much 
smaller than F. 

By means of Equation (8), the corrected experimental values of 
Fmax and Fmin corresponding to the noise current measurements of 
Figure 3 are found from the measurements of Figure 4. The reference 
plane, z0, is chosen as z0 = 1.5 inches. 

The values of Imax and /min corresponding to the noise current 
measurements of Figure 3 are reduced in the same manner to the 
same plane, z0 = 1.5 inches, for the determination of N and of -q. By 
combining the data so obtained from the measurements of Figures 3 
and 4, the experimental values of Fm,ix, FllliM, N, and rj are found. Thus 
one obtains the measured values of (Fmnx — 1) /A7 and (Fmin — D/iV 
as functions of -q. These are shown as points joined by straight lines 
on Figure 7. 

The theoretical and experimental values of ij/ovt may also be com- 
pared. The theoretical value of i^,,, given by Equation (4) is found,a 

for the conditions of measurement QC = 0.17, d = 0.2, to be 
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'/'opt = 34°. 

T his is represented as a horizontal line in Figure 8. The experimental 
points corresponding to the measurements of Figures 4 and 3 are also 
shown in Figure 8. 

+ * 

- 180' 

- 160' 

- 140' 

- 120" 

- 100° 

-80' 

- 60' 

-40° 

-20° 

LJ I I I I 11- 
12 14 1.6 1.8 2.0 2.2 2.4 2.6 

Fig. 8—Optimum helix position versus noise current SWR versus i). 

Inspection of Figures 7 and 8 shows that, subject to the corrections 
described, the first-order theory predicts successfully the relation be- 
tween noise figure and noisiness (mean beam noise current). Since best 
fitting between experimental data and theoretical curve was obtained 
for v = 0, these measurements also indicate that there was no correla- 
tion observable within the limits of measuring accuracy. Taking the 
limitations of the experimental apparatus into account, this means 
that, at any rate, |v| ^0.25; most probably, actually, one may say 
that 11' | ^ 0.1.' 

The method of "measuring" correlation employed here is probably 
more meaningful than previous measurements, for it is not from a single 
measurement, but an entire series of measurements, each one of whfch 
adds more weight to our conclusions. 
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Inspection of Figure 8 shows that the mean square difference be- 
tween theoretical and measured value of ^npt (optimum helix positions) 
is smaller than 10°. This corresponds to a physical distance of 6 
millimeters and lies within the probable error of measurement of the 
position of the minima of the experimental curves. 

Conclusions 

The noise current and noise figure measurements reported in this 
paper show that, to a good approximation, the first-order theory of 
noise in traveling-wave tubes predicts correctly the relation between 
beam noise current and traveling wave tube noise figure. The noise 
figure optimization procedure prescribed by the first-order theory is 
justified by these measurements. Finally, correlation has been estab- 
lished to be immeasurably small, at least for the conditions under 
which the measurements were performed. 
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THE DESIGN OF PERIODIC PERMANENT MAGNETS 

FOR FOCUSING OF ELECTRON BEAMSf 

By 

F. Sterzer and W. W. Siekanowicz 

RCA Tube Division. 
Princeton, N. J. 

Summary—In recent papers, Mendel,1 Pierce? Clogston and Heffner? 
and Chang11 have described the focusiny of long electron beams by means 
of permanent magnets producing periodic magnetic fields. Periodic per- 
manent magnets weigh substantially less than both solenoids and permanent 
magnets producing uniform fields. They also eliminate other problems asso- 
ciated with solenoids, such as power supply, and, in some cases, provision 
of air or water cooling. 

Previous work on the design of periodic permanent-magnet focusing 
structures and on the theory of focusing with periodic magnets has been 
described by Chajig.*^ This paper extends the theory by consideration of 
an additional flux path representing the leakage flux between the hubs 
of the metal, shims. The method of analysis is based on the familiar con- 
cept of "permeances" of the various flux paths, and results are presented 
in a manner which facilitates rapid numerical calculation. Design charts 
for minimum-weight structures are given, and the design of a periodic 
focusing structure for a specific traveling-wave power amplifier tube is 
considered in detail. 

Calculation of Periodic Focusing Field Requirements 
From Electron Beam Characteristics 

diagram of a permanent-magnet structure producing a periodic 
magnetic field is shown in Figure 1. This structure is an 
assembly of individual ring-shaped magnets, separated by 

magnetic shims. The ring magnets are axially magnetized, and are 

The work upon which this paper is based was performed for the U. S. 
Air Force under Contract No. AF33 (600)-24400, sponsored by the Wright 
Air Development Center, Dayton, Ohio. 

1 J. T. Mendel, C. F. Quate, and W. H. Yocum, "Electron Beam Focusing 
with Periodic Permanent Magnet Fields," Proc. I.R.E., Vol. 42, n. 800 
May, 1954. 

j J. R. Pierce, "Spatially Alternating Magnetic Fields for Focusing 
Low-Voltage Electron Beams," Jour. Appl. Phys., Vol. 24, p. 1247, Sep- 
tember, 1953. 

'' A. M. Clogston and H. Heffner, "Focusing of an Electron Beam by 
Periodic Fields," Jour. Appl. Phys., Vol. 25, p. 436, April, 1954. 

tt i ! N. Chang, "Beam Focusing by Periodic and Complementary Fields, Proc. I.R.E., Vol. 43, p. 62, January, 1955. 
5 K. K. N. Chang, "Optimum Design of Periodic Magnet Structures for 

Electron Beam Focusing," RCA Review, Vol. XVI, p. 65, March, 1955. 

39 

www.americanradiohistory.com

www.americanradiohistory.com


40 RCA REVIEW March 1957 

assembled with faces having the same polarity adjacent. The shims 
are made of a high-permeability metal, and are used to obtain low- 
permeance flux paths between the ring magnets and the axis of the 
magnetic structure. As shown in Figure 1, the variation of the axial 
component of the magnetic field on the axis of the structure is very 
nearly sinusoidal. 

When purely magnetic means are used for focusing, the required 
periodic focusing field is a minimum if the beam is launched from a 
magnetically shielded cathode, larger if it is launched from a partially 
shielded cathode, and a maximum if the cathode is completely immersed 
in a magnetic field. Only focusing structures for beams produced by 
magnetically shielded cathodes are considered in this paper. 

Fig. 1—(a) Diagram of periodic permanent-magnet focusing structure, 
(b) Plot of axial magnetic-field intensity. 

For stable focusing of an electron beam, the period and amplitude 
of a periodic magnetic field must satisfy certain conditions.16 For a 
magnetically shielded cathode, the allowable values of the period, L, 
in inches can be calculated from the expression 

yi 
L = C , (1) 

where V is the beam voltage in volts, Bm is the peak amplitude of 
the axial magnetic field in gausses, and C is a constant such that 

6 K. K. N. Chang, "On the Stability of Periodic-Field Beam Focusing," 
Jour. Appl. Phys., December, 1956. 
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0 < C < 15.3 (first pass band).6 It can be shown theoretically that 
higher pass bands exist (higher values of C), but their practical value 
appears limited at present.1-6 

The use of a periodic focusing field causes a corresponding variation 
in the diameter of the electron beam. Because this variation, called 
"scalloping," adversely affects both the r-f and d-c performance of 
beam-type amplifiers such as traveling-wave tubes, it is desirable that 
it be kept as small as possible. Theoretical considerations indicate that 
at a given period length, L, the amplitude of the scalloping is a mini- 
mum if the peak magnetic field is given by 

461 li 
(gausses) = , (2) 

Via 

where I is the beam current in amperes, and a is the average radius 
of the electron beam in inches. In practice, focusing fields having 
approximately 1.5 to 2 times the theoretical value indicated in Equa- 
tion (2) are required.1 Furthermore, the degree of beam scalloping 
is reduced as the period of the magnetic field is made smaller. 

Given beam voltage, current, and radius, the designer can estimate 
the field amplitude and period required for stable transmission. The 
problem then reduces to the design of a magnetic structure which will 
provide a field having the desired characteristics. 

Calculation of The Magnetic Field Produced By 
A Periodic Structure 

As discussed in the Appendix, the maximum field on the axis of 
an infinitely long magnetic structure of the type shown in Figure 1 
is given by 

HdT „ 1 / ndx n-n-g 
E ( ~r ) sin H~ > ^ g n=i n \ L / \ L / 

n = 1, 3, 5, 7  

where T, g, d1, and L are dimensions shown in Figure 1, and Hrl is 
the magnetic intensity, in oersteds, of the magnetic material used. The 
function f^nd^/L) versus nd^L is plotted in Figure 2. Equation (3) 
was derived (see Appendix) for the case D., = D1 (Figure 1), and on 
the assumption that the shims are not saturated. For most practical 
structures the series in Equation (3) converges very rapidly, and it 
will be sufficient to evaluate only the term for n = 1. 
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\ 1 
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0 0.5 1.0 1.5 2 0 2 5 3.0 
n di 

L 
Fig. 2—Plot of fi(ndJL) versus {ndi/L) as used in Equation (3). 

FLUX PATH HI 

Fig. 3—Manner in which external magnetic circuit is divided into three flux 
paths for calculation of total permeance. 
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In order to determine the value of Hd in Equation (3), it is first 
necessary to evaluate the total permeance, PT, of the magnetic circuit 
external to one of the ring magnets.7 To simplify this evaluation 
the external magnetic circuit has been divided into three flux paths, 
as shown in Figure 3. The flux path I, which was not included in 
previous analyses,5 represents the leakage flux between the hubs of 
the shims. The total permeance* (in inches) is 

PT = P1 P2 -\- Pz, (4) 

where P^ is the permeance of path I, and is given by 

0.785 {d.r — c?!2) 
= : • (5) 

9 

Pn is the permeance of path II, and is given by 

„ Ldl / nd1\ / nirg \ 
P2= E f2 

s'n i~ ) ' (6) 
>i=i n-g \ L / \ L / 

« = 1, 3, 5, 7  

and P.-j is the permeance of path III, and is given by 

LD2 ^ nD2 ^ ! mrT ^ 
= J2 /a   sin (    . (7) 

Tn* \ L / \ L / 

to=1, 3, 5, 7  

The functions f^^ind^/L) versus nd1/L, and fn,{nD2/L) versus nD2/L 
are plotted in Figures 4 and 5 respectively. Again, in many practical 
cases it will be sufficient to calculate only the first term (w = 1) in 
Equations (6) and (7). 

From the Appendix 

Bd T 
- Pt, (8) 

H., A' 

7 H. C. Roters, Electromagnetic Devices, John Wiley and Sons, New 
York, N. Y., 1941. 

* The units used throughout this paper are gausses, oersteds, and 
inches. In this system of units the permeability is dimensionless; it follows 
from the definition of permeance (P — pA/l) that permeance has the 
dimensions of length (inches). 

I 
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where Bd is the flux density in the magnet, T = L/2 — t, and A' is the 
cross-sectional area of the magnet and is equal to (ir/A) (D2

2 — d.>2). 
A straight line having a slope ^TPt/A' drawn through the origin 

of the demagnetization characteristics versus H,,) of the magnetic 
material used will intersect the demagnetization curve at the operating 
point and give Hd. When the air gap, g, is zero, the permeance Pj is 

n d, 
L 

Fig. 4—Plot of fziml/L) versus (ndi/L) as used in Equation (6). 

infinite, i.e., the magnet is short-circuited and Hd = 0 according to 
Equation (8), as Bd is finite. 

A sample calculation using these equations is given later. 

Magnetic Materials Suitable eor Periodic Structures 

The type of magnetic material most suitable for use in a particular 
periodic permanent magnet will depend on the amplitude and period 
requirements of the focusing field. Once these requirements have been 
estimated, and the inside geometry (du T, and g) fixed, the required 
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value of Hd can be calculated from Equation (3). Procedures for detei"- 
mining dl, T, and g are given later. When the value of Hd is known, 
the required peak field can be obtained in a structure of minimum 
volume by the use of the magnetic material producing the greatest 
flux density at this magnetizing force. 

Demagnetization and energy product curves for various magnetic 
materials are shown in Figure 6. Some of the properties of these 
materials are given in Table I. It can be seen that while the energy 

{^)= 2_ TT 
jrDj, 

f 
Ko(- 

0 10 2.0 3,0 4 0 5.0 60 7.0 
nD 2 

L 
Fig. 5—Plot of f:i{nDj/L) versus (nDJL) as used in Equation (7). 

product of Alnico XII is very high, its coercive force is lower than 
those of the ceramic materials. Consequently, ceramic magnets are 
ideally suited for use in periodic focusing structures, particularly 
those which must produce fields having large amplitude and short 
period, and which, therefore, require large values of Hd. 

Each ring magnet in a periodic structure is subjected to a de- 
magnetizing field from its neighboring ring or rings. In the case of 
ceramic magnets, the demagnetizing effects of these fields is negligible. 
Unstabilized Alnico loses magnetism when exposed to demagnetizing 

* Trademark of the General Electric Co., Schenectady, N. Y. 
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fields.8 Stabilization, however, reduces usable flux density. Therefore, 
Alnico ring magnets for periodic structures must have the proper size 
and degree of stabilization to produce a desired flux density in the 
presence of demagnetizing fields. 

Of the ceramic magnetic materials listed in Table I, only that 
having the approximate composition BaFejoOj,, and known as Indox I,* 
Magnadur,: or Ferrimag I. is commercially available at present. 

(H)-OERSTEDS PRODUCT(BxH)- 
GAUSS-OERSTEDS x 10 

Fig. 6—Demagnetization and energy-product curves for various magnetic 
materials. 

Design Procedure for Periodic Permanent Magnets 

Some quantitative conclusions regarding the design of a periodic 
permanent magnet structure having minimum weight and volume can 
be drawn from Equations (3)-(8). For example, the inner diameter, 
du of the shims should be made as small as possible, because (a) 
function fl in Equation (3) increases rapidly as decreases, as shown 
in Figure 2; and (b) the permeance P.2 also decreases with d,, thereby 
increasing the field. The dimension S ~ d.2 — dx should also be made 

8 Carboloy Alnico Permanent Magnet Design Manual, PM-101, Carboloy 
Department of General Electric Company, p. 9. 

" Trademark of the Indiana Steel Corporation, Valparaiso, Indiana. 
t Trademark of the Ferroxcube Corporation of America, Saugerties, 

New York. 
1 Trademark of the Crucible Steel Company of America, Pittsburgh, 

Pennsylvania. 
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small so as to minimize the leakage flux between the hubs of the 
shims, but not so small as to permit magnetic saturation of the shim 
material. The thickness, t, of the shims should also be kept small to 
allow maximum T for a given period, and to reduce Pg. The shims, 
therefore, should be made of a metal which has high magnetic per- 
meability at high flux densities. 

Inspection of Equations (3) and (6) also indicates that for a 
given structure there is a specific air gap which will produce maximum 
field strength. 

Table I 

Maximum Ability 
Energy to With- 
Product stand 
(BdHd) Coercive Strong Corn- 

Max Force H,- Demagnetiz- Specific Temperature mercially 
X 10® (Oersteds) ing Fields Gravity Coefficient Available 

Alnieo IV 
Cast 

1.3 700 Fair 7.0 <—.03%/Co Yes 

Alnieo V 
Cast 

5.0 575 Poor 7.3 <—.03%/Co Yes 

Alnieo VI 
Cast 

3.5 750 Fair 7.4 <—.03%/C° Yes 

Alnieo XII 
Cast 

1.6 950 Good 7.3 <—.03%/C° Yes 

Indox I' 
Magnadur1 

Ferrimag I* 
BaFe^Oia 

0.8 1600 Superior 4.5 —.16%/C0 Yes 

RCA 
Developmental 
Ceramic 

1.8 2100 Superior 5.7 No 

It is apparent from the preceding considerations that the following 
quantities can be either calculated or estimated: 

(a) the magnetic field strength and period (from the space-charge 
conditions) ; 

(b) the inside diameter of the shims (from the radial dimensions 
of the tube) ; 

(c) the parameter S and t (from the magnetic properties of the 
«him material). 
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It is then necessary to determine the optimum values for the air gap 
and the outside diameter, D.,, for a required field strength Bm. 

In general, the optimum value for the air gap can be determined 
by trial and error from the demagnetization characteristic of the 
material employed. In the case of a ceramic magnetic material, the 
demagnetization curve is very nearly a straight line, so that both the 
optimum air gap and the magnetic field strength can be determined 
analytically. 

The analytic expression for the demagnetization characteristic of 
a ceramic material is 

where Hc is the magnitude of the coercive force in oersteds and K is 
the slope of the demagnetization curve. Combining Equations (4), (8), 
and (9) with Equations (16), (21), (23), and (25) of the Appendix, 
the peak magnetic field strength on the axis is 

B, = KHC + KHd, (9) 

(10) 

+ -+ T bn + 
g it — i ,9 K 

L 

n = 1, 3, 5, 7, 9  

where 

T (rf.,2-^2) 
c 

K {D.:- — d2
2) 

h n 
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8D..L 
S„ E 

' WttZ^o \ / n-n-T 
K1 (   1 sin 

tt*" (Do2 - do2) ni / njrD. 

""-It" 

n = 1, 3, 5, 7, 9  

n- 

Here, K0 and /fj are the modified Bessel Functions of the second kind 
and of zero and first order, respectively. It can be seen that the 
inclusion of the additional flux path I changes the dependence of Bm 

(Equation (10)) on the air gap from the result obtained by Chang 
(Equation (27) of Reference (5)), particularly for very small values 
of ff. 

The optimum air gap can be obtained by setting 

dB,. 

tg 
0. 

Taking only the first term in the numerator of Equation (10), i.e., 
obtaining the maximum for the fundamental, 

' 
■1 1 r / 7^^7 

— V hn n cos w — 
Sn ^ L \ L 

K 

sm 
nirg 

/ Trfir 
tan — 

\ L 

tan 
L 

c 
TT   

irg L 

L 
1 +■ 

Sn_ 

K 

(ID 

n — 1, 3, 5, 7, 9.. 

For most practical purposes, it will be sufficient to consider only 
the first terms of the series in both the numerator and denominator 
of Equation (10), and the first term of the series in Equation (11). 
Using these approximations. Equations (10) and (11) simplify to: 
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Bm = 
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■xgh 
/ Tl'rfl 

L 

~g 
c + L /), sin ( - 

L 

Sx 
+  

K 
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(12) 

tan 
ttQ ttq 

L 

L 

1 +- 
K 

(13) 

Hc = 
— K = 

Vl=C 
,/L = 

600 0E 
.25 
.0982 
).08l 

3STEDS 

0^-^" 

/ 
0 

0 a,— 

  
0_^- 

L 

Pig. 7—Maximum field at optimum gap length as a function of D^/L 
and di/L. 

The maximum field intensity is not a critical function of g/L. 
Design charts based on Equations (12) and (13) are given in 

Figures 7 and 8. These curves were computed for the ceramic material 
having the approximate composition BaFe^Ojc), for which Hc = 1,600 
oersteds, and K = 1.25. Figure 7 shows the maximum field obtained 
with optimum gap length, g/L, as a function of D.,'L and dj/L. 
Optimum gap length as a function of D2/L, with dx/L as a parameter. 
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is plotted in Figure 8. Values of 8; L = 0.0982 and t/L = 0.081 were 
assumed for the shims. These values are fairly typical. For most 
structures 0 < i/L < 0.1 and the dependence of Bm on 8/L is not 
very critical. 

The efficiency of the structure can be improved slightly by two 
minor modifications: (a) the leakage flux Ps (path III of Figure 3) 
can be reduced somewhat by making 73, slightly less than D2. If Dx 

is made too small, however, the field at the axis will decrease; (b) 
because most of the leakage flux (path II in Figure 3) traverses only 
part of the hub of the shim, the hubs can be tapered slightly towards 

Fig. 8—Optimum value of g/L as a function of Dz/L and di/L. 

the air gap (keeping d1 constant) without saturating the shims. The 
effect of this taper is to reduce somewhat the leakage flux (path I of 
Figure 3). 

Numerical Example 

As a numerical example, consider a requirement for a periodic 
magnetic focusing field having a peak strength of 700 gausses, and a 
period of less than 1.9 inches for operation in the first pass band. In 
the design of the tube, the radial dimensions of that part of the tube 
which fit inside the permanent magnet should be made as small as 
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possible. Let the magnetic material employed in the focusing structure 
be Indox I. Assume the inside diameter of the shims to be 0.525 inch, 
and the period to be 0.764 inch. The latter value was chosen for the 
period as a compromise between 

(a) a very small period which would produce an electron beam 
having a negligible degree of scalloping, but which would 
require the use of a very bulky magnetic structure (large 
Do)and 

(b) a period very close to the allowable maximum which could 
be obtained from a light magnetic structure {D-, small), but 
which would result in a large degree of scalloping. 

Values of 8/L = 0.0982, and t/L = 0.081 were chosen for the shims, 
to insure that the shims would not be saturated. The length of the 
air gap was made 0.07 inch, which, as can be easily verified by trying 
different values of g in Equations (12) and (13), is close to the 
optimum. Only the first terms of the series were used in the following 
computations. Equation (3) yielded 

Bm = 0.65 

Consequently, for the required Bm of 700 gausses, 

700 
Hi'     = 1,090 oersteds. 

0.65 

A value of 2 inches was chosen for D2, the outside diameter of the 
ring magnets. 

From Equations (5), (6), and (7), 

Px = 0.94 inch, 

P2 = 0.74 inch, 

Pg = 3.1 inches. 

The total permeance was, therefore, 4.8 inches. The area of the ring 
magnet was A' = iir/A) — d^2) = 2.9 square inches. Substitution 
of these values in Equation (8) yields 

Bd T 
 = — PT = 0.53. 
Hd A' 

www.americanradiohistory.com

www.americanradiohistory.com


DESIGN OF PERIODIC PERMANENT MAGNETS 53 

A straight line having a slope of —0.53 drawn from the origin of the 
demagnetization characteristic for Indox I intersected the demagneti- 
zation curve at point Hd — 1,120 oersteds. Since this value was very 
close to that required (1,090 oersteds), the choice of 2 inches for 
was substantially correct. A periodic permanent magnet structure 
having the determined dimensions was built. The measured flux dis- 
tribution on the axis of this structure is shown in Figure 9. It can 
be seen that the measured field is in excellent agreement with the 
calculated value of 700 gausses. The desired "launching field" for 
the electron beam was obtained by the use of a magnetic shield in the 
region near the electron-gun end of the tube, and by modification of 
the first shim. 

The charts given in Figures 7 and 8 considerably simplify the 
design procedure. Figure 7, for example, shows that for Bm = 700 

Fig. 9—Measured axial flux distribution on the axis of the magnetic 
structure discussed in the numerical example. 

gausses and dj/L = 0.687, D.2 = 2.4 L = 1.84 inches, and Figure 8 shows 
that the optimum air gap y = 0.126 L = 0.096 inch. 

In order to check the results obtained by the use of Equations (12) 
and (13), the preceding example was also worked out using the first 
four terms of the series in the denominator in Equation (10) and the 
first three terms of the series in Equation (11). 

The results of both calculations are compared in Table II. These 
results show that the terms of the series in Equations (10) and (11) 
vary in such a manner that the final result for Bm is nearly the same 
as that obtained using the simplified Equations (12) and (13). For 
many practical purposes, therefore, the charts of Figures 7 and 8 will 
provide sufficient accuracy. The use of these charts is further justified 
by the agreement between the results obtained from the simplified 
Equations (12) and (13) and those obtained experimentally. 

The same design problem was also worked out for the developmental 

-4 -2 0 2 4 6 8 10 12 14 16 
DISTANCE FROM MODIFIED SHIM-INCHES 
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ceramic material listed in Table I. For this material, Hc was 2,100 
gausses and K was 1.55. In this case the required outside diameter. 
Do, was only 1.13 inches, and the optimum air gap was 0.125 inch. 

Sections of periodic permanent magnet structures using the two 
types of magnetic material discussed above are shown in Figure 10. 

"Packaged" Assembly of a Traveling-Wave Amplifier Tube 
Using Periodic Permanent Magnets 

A "packaged" traveling-wave power amplifier tube9 using a periodic 

Table II 

Results obtained 
using simplified 
Equations (12) Results Obtained using 

and/or (13) Equations (10) and/or (11) 

Optimum gap length g 0.161 L 0.207 L 

A. — 0.151 0.117 
U 

S" Si 1 
B. Series   = 0.589 (Si + Sa + + S?) — 0.549 

K K K 
C. Series Un t/j = 0.188 C/i-j-Us-j-C/a-1-— 0.215 
Denominator = 1+A+B+ 1.928 1.881 
C of Equation (12) or 
(10) 
Numerator of 1217 1184 
Equation (12) or (10) 
B„i (gausses) 631 629 

/ nTrg 
sin I    

Un= t 
g 

L 

permanent-magnet structure for focusing is shown in Figure 11. The 
tube operates in the S band, and has a power output of 100 watts at 
the specified minimum gain of 20 decibels. The inside diameter of the 
tube helix is 0.216 inch. The r-f and d-c performance of this amplifier 
is as good as that obtained with a uniform magnetic focusing field. 
At the beam voltage of 3,700 volts and collector current of 250 milli- 

9 W. W. Siekanowicz and F. Sterzer, "A Developmental Wide-Band, 
100-Watt, 20-DB S-Band Traveling-Wave Amplifier Utilizing- Periodic Per- 
manent Magnets," Proc. I.R.E., Vol. 44, p. 55, January, 1956. 
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Fig. 10—Sections of typical periodic permanent-magnet focusing structures. 

amperes required to provide the desired r-f performance, the current 
intercepted by the helix is less than 2.5 milliamperes. The magnetic 
structure used in conjunction with the tube is made of Indox I 
(BaFejoO!,)) and has the dimensions r = 0.300, L = 0.724, ^ = 0.525, 
d2 = 0.600, D} = 1.9, and = 2.0 inches. The entire magnet structure 
is 13% inches long, and weighs 7.1 pounds. The peak magnetic field 
is about 620 gausses. This structure replaced a solenoid weighing 55 
pounds and consuming about 400 watts of power. 

R-F energy is fed into and removed from the tube by means of 
"coupled-helix" transducers.1012 Transducers of this type are well 
suited for use with periodic permanent-magnet structures because their 
radial dimensions can be made small. The coaxial input and output 
lines are brought out of the assembly through radial openings formed 
by slots in the mgnetic shims and semicircular grooves in the adjoining 

Fig. 11—"Packaged" traveling-wave power amplifier using periodic 
permanent-magnet focusing structure. 

10 O. G. Owens, "Coupled Helix Attenuators for Traveling-Wave Tubes," 
Technical Report No. 68, Stanford University, California, August, 1953. 

11 R. Kompfner, "Some Theory and Experiments on Coupled Helices," 
paper presented at the Conference on Electron Tube Research, Palo Alto, 
Calif., June 19, 1958. 

15 J. S. Cook, R. Kompfner, and C. F. Quate, "Coupled Helices," Bell 
Sys. Tech. Jour., Vol. 35, p. 127, January, 1956. 
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ring magnets. These modifications of the magnetic circuit have neg- 
ligible effect on the axial component of the magnetic field. 

Appendix—Calculation of Field in the Eegion of 
the Electron Beam 

It can be shown1-5 that the magnetic field in the region 0 ^ r ^ (ij/2 
(see Figure 1) is given by 

ABy sin 
nirg 

(Znirr \ / 2nTrz 
- cos   ), '14) 

L ) \ L 1 n=l 
lo 

L 

where Bg is the flux density in the air gap. is given approximately 
by 

F HJ 
/>', = — = . (15) 

a g 

where F is the magnetomotive force produced by one magnet, and T 
is the length of the magnet in the direction of magnetization. There- 
fore, the maximum magnetic field on the axis of the magnet is given by 

HdT K 1 / nd,\ / n^g \ 
Bm =  Z _/, sin — . (16) 

g ti i. 11 \ L / \ L / 

n = l,3,5  

where 

/ 
fi 

L / / Trrid, 

The function /, {vdJL) versus ndJL is plotted in Figure 2. For most 
structures of practical importance, terms for n> 1 are small on the 
axis compared to the term for n = l, so that the field distribution at 
the axis is nearly sinusoidal, and it is usually sufficient to calculate 
just the first term in Equation (16). 

Evaluation of Hd in Equation (16) follows. The magnetomotive 
force produced by one magnet is 
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F = HiT. (17) 

The total flux, </>, produced by a magnet is given approximately by 

<l> = BiA', (18) 

where A' is the area of the magnet perpendicular to the direction of 
magnetization. 
The permeance, P, of a magnetic circuit is 

P = —. (19) 
F 

For a given permanent-magnet structure 

</> BdA' 
— = = Pr. (20) 
F HJ 

Here PT is the total permeance of the magnetic circuit external to the 
magnet. Once PT is known, the ratio B^/Hg can be calculated from 
Equation (20). The value of H(l is then determined by the point at 
which a straight line having a slope of —TPr/A' intersects the B-H 
curve in the second quadrant. 

To simplify evaluation of the total permeance, PT, the external 
magnetic circuit for each magnet has been divided into three flux paths, 
I, II, and III, as shown in Figure 3, so that 

The permeance of path I, in inches, is 

TT (do2 — d]2) 
Px~- 

0.785 (d^ — dr) 
(21) 

In order to determine P.2, the permeance of path II, it is first neces- 
sary to find the total flux emanating from the shims which passes 
through the region (0 < r < d1/2). To find this flux, Br is integrated 
over a plane perpendicular to the axis of the structure. The integration 
is carried out at a value of Z where B. is a maximum. 
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From Reference (5), this flux is given by 

' wttc?, \ / mrg 
2 TLd,/] 

Therefore, 

L / \ L 
d).> = V    H„. (22) 

^ / w-d, x 

  
\ ^ 

w = l, 3,5, 7  

nd) \ / n~(j 
LdJi 

where 

<^>0 
P., = —— = —; \'     , (23) 

F HdT nn-g 

n=l,3,5,7.... 

' n-rrdi ' 
27, 

/2 
L y /nTrdj 

The function f-^indy/L) versus nd^/L is plotted in Figure 4. Com- 
putation of P:t, the permeance of flux path III in Figure 3, requires 
evaluation of c/>:!, the total flux, in the region external to the periodic 
structure (r > Z)o). This quantity has been evaluated in Reference 
(5) and is given by 

A', 
n-irD., 

, 2LD, \ L / / n^T \ 

k\~t) 

M = 1, 3, 5, 7 . . . . 

where K() and Ky are the modified Bessel functions of the second kind, 
of zero and first order, respectively. 

Now 
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/ VttT ' 
LD2 sin I ■— 

</)3 \ L J / nD.. 
P, = = X -  (25^ 

H„T "i Tw2 ' 

n = 1, 3, 5, 7  

where 

/a 

/n~D.. 
2A-,  ■ 

\ \ L 

L / / n-nD^ 
ttA'o I   

V L 

The function f:.(nD._./L) versus nD.^/L is plotted in Figure 5. 
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ANALYSIS AND SYNTHESIS OF TRANSITIONAL 
BUTTERWORTH-THOMSON FILTERS AND 

BANDPASS AMPLIFIERS- 

By 

YONA PELESSt AND T. MURAKAMI* 

Summary—In this paper a new family of networks is introduced. These 
networks have steady-state and transient characteristics which vary smoothly 
from the Butterworth characteristic (maximally flat amplitude) to that 
for the Thomson characteristics (maximally fiat envelope delay). For this 
reason they will be called transitional Butterworth—Thomson networks. 
The, synthesis of the transitional Butterworth—Thomson filter is based on 
the location of the poles of the transfer function in the complex frequency 
plane. The use of the resulting characteristics for loiv-pass filters or 
stagger-tuned bandpass amplifiers is given. 

Introduction 

r 

I 

"^HE theory of networks with maximally flat amplitude (MFA) 
characteristics was treated by S. Butterworth1 and V. D. Lan- 
don.2 H. Wallman3 extended this theory to the bandpass amplifier 

and also calculated the transient response of an n-stage amplifier. 
Wallman shows that the Butterworth characteristic leads to excessive 
transient overshoot when many stages are cascaded. 

A class of ladder networks with maximally flat envelope delay 
(MFED), or linear phase characteristics was investigated by W. E. 
Thomson.4 The transient response of this type of network shows that 
although the overshoot is small (less than 1 per cent) the rise time 
is relatively slow when compared to that for the Butterworth-type 
networks. 

* A substantial part of this paper was presented by Y. Peless as a 
thesis in partial fulfillment of the requirement of a Masters Degree at the 
Moore School of Electrical Engineering, University of Pennsylvania. 

t Formerly RCA Victor Television Division, Camden, N. J.; now at the 
University of Pennsylvania, Philadelphia, Pa. 

t RCA Victor Television Division, Camden, N. J. 
1 S. Butterworth, "On the Theory of Filter-Amplifiers," Exp. Wireless 

and Wireless Eng., Vol. 7, p. 536, October, 1930. 
2 V. D. Landon, "Cascade Amplifiers With Maximal Flatness," RCA 

Review, Vol. V, p. 347, January, 1941. 
3 G. E. Valley and H. Wallman, Vacuum Tube Amplifiers, McGraw- 

Hill Book Company, Inc., New York, 1948, p. 176. 
4 W. E. Thomson, "Networks with Maximally-Flat Delay," Wireless 

Engineer, Vol. 29, p. 255, October, 1952. 
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In the present work, networks having characteristics lying between 
the Butterworth- and Thomson-type filters are investigated. They will 
be called transitional Butterworth-Thomson filters (TBT). This class 
of networks is studied in order to obtain a more favorable transient 
characteristic than that of either the Butterworth- or Thomson-type 
filters. 

The method used to achieve these results is based on the study of 
the pole locations of the transfer function in the complex frequency 
plane. The final results are in the form of tables and curves which 
give design data for various order low-pass filters. The application 
of the result to stagger-tuned bandpass amplifiers is also given. 

Before proceeding with the study of the TBT filter, a brief review 
will be made of the characteristics of the MFA and MFED networks. 

Filters with Maximally Flat Amplitude or 
Butterworth Response 

The definition of an MFA low pass network with n reactive elements 
is that the first n-1 derivatives of the amplitude function T (m) with 
respect to u>- are zero at zero frequency. A particular property of the 
network with a maximally flat response is that the zeros of the nor- 
malized transfer admittance function, Y (p), lie symmetrically on the 
left half of a unit circle in the complex frequency plane. Since the 
steady-state and transient characteristics of the MFA filter are quite 
well known, only a summary of the transient response data is given 
below in Table I. The equations for the steady-state characteristics 
of the MFA networks are given, for reference purposes, in Table XVI. 

Table I shows the overshoot and 10-90 per cent rise time for MFA 
filters of orders 1 to 7. 

It is seen from this table that the overshoot and rise time increase 
with the order of the filter. This is not a very desirable condition for 

Table I—Rise Time and Overshoot of Maximally Flat n Pole Networks. 

11 Overshoot % Rise Time 

1 0 2.20 
2 4.3 2.15 
3 8.15 2.29 
4 10.9 2.43 
5 12.8 2.5G 
6 3 4.3 2.67 
7 15.4 2.80 
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faithful reproduction of a given signal. A very complete table of 
design constants for the Butterworth filter is given in a paper by 
Weinberg.5 Both the current and voltage drive cases are treated for 
different source and load impedances. 

Ladder Networks with Maximally Flat Envelope Delay 

Networks with linear phase or maximally flat envelope delay have 
been studied by several authors. Laplume,6 Thomson,4 and Storch7 

give a good background in this area. A summary of the steady-state 

Table II—Rise Time and Overshoot of Maximally Flat Envelope 
Delay Networks. 

n Overshoot % Rise Time 

1 0 2.20 

2 .43 2.73 

3 .75 3.07 

4 .83 3.36 

5 .76 3.58 

equations which will be of use in this paper is given in Table XVI. 
In the investigation of the TBT filter, the transient response of the 
MFED filter is of interest since it will be used for comparison purposes. 

The amount of overshoot and the rise times for the first five MFED 
ladder networks are given in Table II. The transient response of the 
MFED filter is quite symmetrical and the overshoot is small—charac- 
teristic of a network with flat delay or linear phase response. The 
amount of overshoot decreases after w = 4 and tends to zero for large 
values of n. A table of design constants for the MFED filter is given 
by Weinberg8 for various order ladder networks. 

5 L. Weinberg, "Modern Synthesis Network Design from Tables — I," 
Electrical Design, Vol. 4, p. 22, September, 1956. 

5 J. Laplume, "Amplificateurs Moyenne Frequence a Distortion de Phase 
Reduite," L'Onde Electrique, Vol. 31, p. 357, August-September, 1951. 

7 L. Storch, "An Application of Modern Network Synthesis to the 
Design of Constant-Time-Delay Networks With Low-Q Elements," Conven- 
tion Record I.R.E. 1954 National Convention. Part II, Circuit Theory, pp. 
105-117. 

8 L. Weinberg, "Modern Synthesis Network Design From Tables," 
Electrical Design, Vol. 4, No. 20, p. 46, October, 1956. 
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Transitional Butterworth-Thomson Filters 

A comparison of the results for the MFA and MFED filters shows 
that the overshoots of the unit step response for the Butterworth 
(MFA) filters are considerably greater than that for the Thomson 
(MFED) filters. It will be shown that the TBT filters will have 
steady-state and transient characteristics which will vary smoothly 
from the Butterworth- to the Thomson-type filters as the parameter 
controlling the pole positions is varied. From the data given it will 
be possible to design low-pass and bandpass filters with steady-state 
and transient characteristics intermediate between the Butterworth 
and Thomson filters. 

Amplitude and Frequency Normalization 

In this analysis all the transfer functions will be normalized so 
that the product of the pole distances from the origin and the response 
at zero frequency will be equal to unity. The transfer function of the 
MFA filter has this property since the poles are all located on a unit 
ciicle. In order that the MFED filter have this property we must 
normalize the transfer function of this filter. A ladder transfer 
function may be written as 

Z{p)-=   > Q-) 
O —Pi) (p —Pa) • • " (p —P„) 

where p = jaRC. R is the terminating resistance of the ladder, and 
C is a capacitance so adjusted as to make the normalized bandwidth 
of the Butterworth filter unity. In Equation (1), the poles of the 
transfer function are given by p,, v2- ■ ■ pn. In order that the product 
of the pole distances from the origin be equal to unity, the poles must 
satisfy the relation. 

El I Pi.- i = 1 • (2) 

The transfer impedance of the MFED filter can be written as (see 
Table XVI) 

n^O 
£„(£)= , (3) 

£" + ,A_i P"-1 -I h ndj p + „do 
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(2n — k) ! 
where ndk = — , 

2ii-fc (n — k) ! kl 

p = jaRXGi- 

R is the terminating resistance of the ladder network, and iC; is the 
sum of the shunt capacitances of the ladder. Equation (3) can be 
rewritten as 

1 
Zn (p) (4") 

1 n^n — l "^1 
 £" H pf' ~1 -1 H V+ 1 
„(Zo nd0 nd0 

In order that Equation (4) will equal Equation (1) and satisfy the 
conditions given by Equation (2), we find that 

1 
p" = p", 

ndo 

or 
1 

p = p. (5) 
( n^O ' ' 

Using Equation (5) the transfer function given by Equation (4) 
becomes 

1 
(P) =   —7- - (6) 

pn + Cn_1 p"-1 + Cn_2 pn - + ••• + CjP + 1 

where cn_1= 

"2/n. 

The zeros of the denominator of Equation (6) give the pole locations 
of the MEED impedance function in the complex frequency plane. The 
normalization is such that the pole plots for the MFA and MEED 
transfer function have the same scale in the p-plane. 

Pole Location for the MFA and MEED Eilteks 

Table III gives the location of poles for the Butterworth- (MFA) 
and the Thomson (MFED) nth order transfer functions normalized 
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Table III—Location of Poles for MPA and MPED Pilters of Orders 1 to 5. 

Poles of MFA Filters Poles of MFED Filters 

n P r , o 9 P r 0° 

1 — 1 1 0 — 1 1 0 
2 — 0.7071 ± j 0.7071 1 ± 45 — 0.8660 ± j 0.5000 1 ± 30 
3 — 1 1 0 — 0.9416 0.9416 0 

— 0.500 ± j 0.8660 1 ± 60 — 0.7456 ± j 0.7114 1.0306 ± 43.65 
4 — 0.9239 ± j 0.3827 1 ± 22.5 — 0.9047 ± j 0.2709 0.9444 ± 16.67 

— 0.3827 ± j 0.9239 1 ± 67.5 — 0.6572 ± j 0.8301 1.0588 ± 51.63 
5 — 1 1 0 — 0.9265 0.9265 0 

— 0.8090 ± j 0.5878 1 ± 36 — 0.8516 ± j 0.4427 0.9598 ± 27.47 
— 0.3090 ± j 0.9511 1 ± 72 — 0.5906 ± j 0.9072 1.0825 ± 56.93 

as explained above. Figure 1 shows the meaning of notations used 
in the table. 

Path Determining the Pole Position in the Complex 
Frequency Plane of TBT Filters 

Path for One Pair of Poles 

We now want to find a suitable path passing through the Butter- 
worth and Thomson poles. Figure 2 shows one Butterworth pole 
Pu^ik^u) and one Thomson pole pT (rr,<j>T) and the path passing 
through these two poles. 

The path will be defined by: 

p — reJ'(,r~'0) = — re-M, (7) 

where r=rT
m, (8) 

'i> = tbii —<}>t) * (9) 
m = variable parameter. 

p = plone 

'u i * 
p = cr + |ou 

-a o cr 

Fig. 1—Pole location of third-order MFED filter. 
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p = cr+ 

o 

Fig. 2—Path passing- through a Butterworth and a Thomson pole. 

The parameter m provides a linear variation in the phasor angle 
of p. It will be presently shown that the value of r as given by Equa- 
tion (8) will satisfy the normalization Equation (2). When m = 0, 
the pole position is that for the Butterworth case where p = pIt, and 
when vi = 1, p — pT, giving the pole location for the Thomson case. 
The value m = 0.5 denotes a pole which is the geometric mean between 
the two given cases. If the value of m is confined to 0 < m < 1, all the 
poles on the path between p^ and pT will be included. We shall deal 
in this section with these poles and with poles lying on the defined 
path outside the region 0 < m < 1. The path shown in Figure 2 and 
defined by Equations (7), (8), and (9) joins poles located in the 
second quadrant. Since the poles always occur in conjugate complex 
pairs, a similar path will be found in the third quadrant. 

Path for the nth-Order Filter 

In the example given above, the path was determined between one 
Butterworth and one Thomson pole. If the transfer function is of 
the nth order, n Butterworth and n Thomson poles will be found in the 
complex frequency plane. For each pair of Butterworth and Thomson 
poles PB,ic(rB,k> ^b.k) and PT.Tc(rT.k> 4>t,ic) as shown in Figure 3, a path 

(rm^> tymjc) may be found defined by Equations (7), (8), and (9). 
For a specified value of the parameter m, n new poles may be found 
with rmk as the distances from the origin. The product of these dis- 
tances is 

Fig. 3—Paths for ntl' order TBT filter in the second quadrant (w odd). 
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rm.\ ' rm.2 ■ ■ ■ rm n = r> ]m • rT..m ■ ■ ■ rT2
m ■ ■ ■ rT,;

n 

n / n \ m 

=<nr =(n rT.k j =:: 1 no) 

by Equation (2). 
Since the magnitude of the transfer function at the origin was 

defined to be independent of the continuous variable m, the n,h order 
transfer function can be written as 

1 
Zip)   , 

P" + 'V-i Pn~'1 H J- A] p + 1 

1 
dl) 

(P-Pm.l) Cp-Pm.L') (P-Pm.n) 
where 

n t? 

I I I Pm.k 1 J[ | ^ ,/■ 1* 
;c=i 

The steady-state and transient characteristics can be found using the 
standard techniques. 

We shall next discuss the steady-state and transient characteristics 
of TBT filters of orders 2 to 5, to show their particular properties. 

Second-Order TBT Transfer Functions 

It is seen from Table III that for n = 2, both the MFA and the 
MFED poles are located on a circle with unit radius. The TBT path 
is obviously the circle itself for this case. The phase </> varies linearly 
with the parameter m as given by Equation (9). The bandwidth and 
the amount of overshoot for this case may be solved analytically as 
functions of (/> or m. The rise time of the second and higher order 
filters involves the solution of a transcendental equation and therefore 
we shall solve this case and others by solving for discrete points on 
the path namely; m = —0.2; 0; 0.2; 0.4; 0.6; 0.8; 1.0; 1.2. The angle 
for the second-order case, is found from Equation (9) and Table III. 

</) = 45° — 150w. (12) 

Poles of the Transfer Function 

The poles on the second-order TBT transfer function are given by 
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Vm i. Pm •' — —e*)0 = — cos (45° —150m) ± j ain (45® — 150m). (13) 

The second-order TBT transfer function is given by 

1 1 
ZAp) = =   

(p —Pi) (p —P?) p2 — 2 Re (pj) + 1 
(14) 

1 1 

p~ + 2 cos (45° — 15°w) + 1 p- + ^iP + 1 

where Re means the real part of the quantity, and 

by =2 cos (45° — 15°m), 

and m. has been omitted from the subscripts. The coefficient by is 
found in Table IV. 

Table IV—Location of Poles and the Coefficients of the Second-Order 
TBT Transfer Functions. 

m —0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

so" 48 45 42 39 36 33 30 27 

h, 1.3382 1,4142 1.4862 1.5542 1.6180 1.6774 1.7321 1.7820 
p^p, _ .6691 — .7071 — .7431 — .7771 - .8090 — .8387 — .8660 - .8910 

drj.7431 ±j.7071 ±j.6691 ±j.6293 ±j.5878 ±j.5446 ±j.5000 ±j.4540 

Steady-State and Transient Characteristics 

The steady-state characteristics of the second order TBT filters are 
given in Figures 4 and 5. It is seen from Figure 4 that the 3-decibel 
bandwidth goes up for decreasing values of the parameter m. The 
phase, on the other hand, is most linear (or the envelope delay maxi- 
mally flat) for m = 1.0 and becomes less linear for lower values of m. 
The transient response given in Figure 6 shows that the rise time 
becomes longer and the overshoots smaller when the parameter in- is 
increased. 

Bandwidth, Rise Time, and Overshoots 

Table V and Figure 7 summarize the normalized 8-decibel band- 
width, B. the rise time, t, and the percentage of overshoot, y, as func- 
tions of the parameter m. It may be noticed in Figure 7 that the 
decrease of the overshoot is much faster than the decrease of the 
bandwidth. This data may be used for the design of a filter or an 
amplifier for a specified amount of overshoot, as will be shown later. 
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s 

m = 1.2 —//■ 
1.0— 
0.8 — 
0.6-^^ 
0.4—^/ 
0.2-^^/ 

0-^> 
-0.2  

1 
i \ 

i 

w
 

O-1 0.2 0.5 1.0 2.0 5.0 
NORMALIZED FREQUENCY 

Fig. 4—Amplitude response of second-order filters. 

Fig. 5—Envelope delay of second-order filters. 
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Fig. 6—Unit-step response of second-order filters. 
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Fig. 7—Bandwidth, rise-time and overshoot of second-order TBT filters, 
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Table V—Variation of Bandwidth, Rise Time, and Overshoot 
With the Parameter in. 

m 2-7TB r y% 
(normalized) (normalized) 

0.2 1.054 2.04 5.91 
0 1 2.15 4.3 
0.2 0.949 2.27 3.04 
0.4 0.902 2.39 2.07 
0.G 0.859 2.50 1.32 
0.8 0.820 2.62 0.79 
1.0 0.786 2.73 0.43 
1.2 0.756 2.84 0.21 

Third-Order TBT Transfer Functions 

The third-order transfer function has one pole on the negative real 
axis and two complex conjugate poles. For the real poles the path will 
be the real axis. As seen from Table III the Thomson pole on the 
real p axis is prl = —0.9416. From Equations (7), (8), and (9) the 
path on the o- axis is defined by 

Pm.i =-0.9416'". (15) 

The Butterworth pole in the second quadrant is pBi2 = — e-iW 
and the corresponding Thomson pole in the same quadrant is Vr,2 = 
— 1.0306e_-'430,jO as seen from Table III. The path connecting these 
poles is 

Pm,2 = — l-0306"i • e--'(eo°-lc-35°"". (16) 

The pole pm z on the path in the third quadrant will be the complex 
conjugate of The TBT transfer function may now be written 

1 1 
Z{p) =       

ip—Vi) (p—Pi) ip—p-i) ip^Pi) \p2 — 2Re(p2) p + IP;,]2] 

1 
("17) 

P'!— [Pi + 2Re(p2)] + 2piRz{p.1)-\ p — p^p-.y- 

where m has been omitted from the subscript. Since pl is negative 
real and \p., \ = |p3|, 
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— PI\P->\-= UVI ' \P-A ■ 1 Ps 1 =1- (18) 

The last equality is found by Equation (2). We now substitute 
Equations (15), (16) and (18) into Equation (17) and find 

1 
Z(v) = — 

{p3 + [0.9416"' + 2 • 1.0306"' cos (60° — 16.350m) ] p- 

+ [1.0306-'" + 2 ■ 0.9416'" • 1.0306'" cos ( 60° — 16.350m) ] p + 1) 

1 
= , (19) 

ps + b.p- + brf} +1 
where 

ij = 1.03062m + 2 (0.9416'") (1.0306'") cos (60° — 16.350w), 

and 

b2 = 0.9416'" + 2 (1.0306'"} cos (60° — 16.35°m). 

Table VI gives the location of the poles and the coefficients of the 
TBT transfer functions for discrete values of m. 

Table VI—Location of Poles and the Coefficients of Third-Order 
TBT Transfer Functions. 

in —0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

p, —1.0121 —1 —0.9880 -0.9764 —0.9645 —0.9530 0.9416 —0.9304 

|p2| 0.9940 1 1.0060 1.0121 1.0183 1.0244 1.0306 1.0369 
02

o 63.27 60 56.73 53.46 50.19 46.92 43.65 40.38 
p., p, — .4471 — .5000 — .5519 — .6026 — .6515 — .6997 — .7456 — .7899 

±j.8877 ±j.8660 ±j.8411 ±j.8131 ±j.7823 ±j.7481 ±j.7114 ±j.6717 

b, 1.893 2 2.103 2.201 2.294 2.383 2.466 2.547 

b, 1.906 2 2.092 2.182 2.268 2.352 2.433 2.510 

Steady-State and Transient Response 

Figures 8 and 9 show the steady-state characteristics of the third- 
order TBT filters. Figure 10 shows the transient response of these 
filters. 

Bandwidth, Rise Time, and Overshoots 

The normalized bandwidth, normalized rise time and the overshoots 
of the third-order TBT filters are given in Table VII and Figure 11 
as functions of the parameter m. This figure and table is used in the 
next section for the design of a low-pass filter or a stagger-tuned 
bandpass amplifier. 
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Fig- 8—Amplitude response of third-order filters. 

NORMALIZED FREQUENCY 

Fig. 9—Envelope delay of third-order filters. 
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Fig. 10—Unit-step response of third-order filters. 
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Fig. 11—Bandwidth, rise time and overshoot of third-order TBT filters. 
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Table VII—Variation of Bandwidth, Rise Time, and Ovevshoot 
With the Parameter to. 

HI 2*7711 T y' 
(normalized) (normalized) 

—0.2 1.064 2.16 11.1 
0 1 2.29 8.15 
0.2 0.9.33 2.44 5.74 
0.4 0.868 2.59 3.87 
0.6 0.810 2.74 2.45 
0.8 0.756 2.90 1.43 
1.0 0.712 3.07 0.75 
1.2 0.671 3.23 0.30 

Fourth-Order TBT Transfer Functions 

The fourth-order TBT transfer function has two pairs of complex 
conjugate poles given in Table III for the MFA and MFED cases. 
The transfer function may be found in a manner similar to that used 
for the third-order case, and is given by 

1 
Z{v)-   , (20) 

p4 + 63p3 + h.2v
2 + + 1 

NORMALIZED FREQUENCY 

Fig. 12—Amplitude response of fourth-order filters. 
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where b1 = 2 \ | Pj | - Re (p3) + | p31 - Re (Pi) ], 
b2~ IPi I" + |P:i|- + 4 Re (Pi) Re (Ps). 
b3 = —2 | Re (px) + Re (p3) ], 
Pi =—1.0588"' e-W--''- is-s-0"', 

p3 = —0.9444'" 

The coefficients by, b.2 and b:l are shown in Table VIII. 

Steady-State and Transient Response 

Fig-ures 12 and 13 show the steady-state characteristics of the 
fourth-order TBT filters. Figure 14 gives the transient response of 
these filters. 

Bandwidth, Rise Time, and Overshoots 

The normalized bandwidth, normalized rise time, and the over- 
shoots of the fourth-order TBT filters are given in Table IX and 
Figure 15 as functions of the parameter m. 

4.5 
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S I .5 M 
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o 1.0 z 

0.5 

0 
0.1 0.2 0.3 0.4 0.5 0.7 1.0 2.0 3.0 4.0 5.0 

NORMALIZED FREQUENCY 
F\g. 13—Envelope delay of fourth-order filters. 
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NORMALIZED TIME t/RC 
Fig. 14—Unit-step response of fourth-order filters. 
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Table VIII—Location of Poles and the Coefficients of Fourth-Order 
TBT Transfer Functions. 

m —0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

ipj 0.9886 1 1.0115 1.0231 1.0349 1.0468 1.0588 1.0710 
<£i° 70.67 67.50 64.33 61.15 57.98 54.80 51.63 48.46 

p„ p, — .3273 — .3827 — .4381 — .4937 — .5488 - .6034 — .6572 — .7101 
±j.9328 ±j.9239 ±j.9117 ±j.8961 ±j.8775 ±j.8553 ±j.8301 ±j.8017 

[ps] 1.0115 1 0.9886 0.9774 0.9663 0.9553 0.9444 0.9337 
0/ 23.67 22.50 21.33 20.17 19.00 17.84 16.67 15.50 

p., p. — .9264 — .9239 — .9209 — .9175 — .9136 — .9094 — .9047 — .8998 
±j.4060 ±j.3827 ±j.3596 ±j.3369 ±j.3146 ±j.2925 ±j.2709 ±j.2495 

K 2.4808 2.6131 2.7408 2.8641 2.9818 3.0943 3.2010 3.3023 
b. 3.2133 3.4142 3.6143 3.8139 4.0102 4.2033 4.3916 4.5746 

b3 2.5074 2.6131 2.7180 2.8223 2.9248 3.0256 3.1240 3.2198 

Table IX—Variation of Bandwidth, Rise Time, and Overshoot 
with Parameter m. 

m 2^13 r 7% 
(normalized) (normalized) 

0.2 1.064 2.29 14.9 

0 1 2.43 10.9 

0.2 0.924 2.59 7.58 

0.4 0.845 2.77 5.01 

0.6 0.774 2.95 3.12 

0.8 0.712 3.14 1.75 

1.0 0.659 3.36 0.83 

1.2 0.617 3.53 0.29 

Fifth-Order TBT Transfer Functions 

The fifth-order TBT transfer function has one real pole and two 
pairs of complex conjugate poles as given in Table III for the MFA 
and MFED cases. The fifth-order transfer function may be found in 
the same way as in the previous cases and can be expressed as 

1 
Z(p)=- — . (21) 

pr> + 64j34 + h^p3 + b2p'2 + hyp + 1 
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where 
bi = 12^21" |P4l2^2 IPil • [IP2I2 Re(254) + |p4|

2 Re(p2)], 

bo = 1 Pi | • [ | Pa |2 + 1P412 + 4Re (p2) Re (p4) ] 
— 2 [ IP212 RBCpa) + lP4|2Re(P2)]. 

''.i = IP2I2 + bil2 + 4Re(p2) • Re(p4) +2pl- [Re(po) + Re(p4)], 
b4= I Pi I — 2 [Re(p2) + Re(p4

,) j, 
Pj = —0.9265m, 

p2 = —0.9598"1 e-/(38°-8.53°m)) 

p4 = —1,0825'" e-/'720-15-07""". 

The calculated values of the coefficients h1, b.,, b3, and ?)4 of the transfer 
function are given in Table X. 

Table X—Location of Poles and the Coefficients of Fifth-Order 
TBT Transfer Functions. 

m —0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

1.0154 1 0.9848 0.9699 0.9552 0,9408 0.9265 0.9125 

|p2| 1.0082 1 0.9918 0.9837 0.9757 0.9677 0.9598 0.9520 

02° 37.71 36 34.29 32.59 30.88 29.18 27.47 25.76 

P-'J P3 — .7975 — .8090 — .8195 — .8289 - .8373 — .8449 — .8516 — .8574 
±j.6168 ±j.5878 ±j.5587 ±j.5297 ±j.5008 ±1.4718 ±j.4427 1 +

 

H-i
 

CO
 

00
 

|P.| 0.9843 1 1.0160 1.0323 1.0488 1.0655 1.0825 1.0998 

0.° 75.01 72 68.99 65.97 62.96 59.95 56.93 63.92 

P<,P= — .2544 — .3090 — .3641 — .4205 - .4767 — .5338 — .5906 — .6478 
±j.9507 ±j.9511 ±j.9485 ±j.9428 ±j.9342 ±j.9221 ±j.9072 

OO 
00 
OO 
00 +1 

b. 3.079 3.236 3.387 3.534 3.673 3.808 3.936 4.060 

b^ 4.902 5.236 5.569 4.905 6.235 6.564 6.888 7.206 

bs 4.933 5.236 5.541 5.851 6.159 6.470 6.778 7.085 

bi 3.119 3.236 3.352 3.469 3.583 3.698 3.811 3.923 

Steady-State and Transient Response 

Figures 16 and 17 show the steady-state characteristics of the 
fifth-order TBT filters. Figure 18 gives the transient response of 
these filters. 

Bandwidth, Rise Time, and Overshoots 

The normalized bandwidth, normalized rise time, and the overshoots 
of the fifth order TBT filters are given in Table XI and Figure 19, as 
a function of the parameter m. 
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0.2 0.5 1.0 2.0 
NORMALIZED FREQUENCY 

Fig. 16—Amplitude response of fifth-order filters. 

0.2 0.3 0.4 0.5 0.7 1.0 
NORMALIZED FREQUENCY 

3.0 4.0 5.0 

Fig-. 17—Envelope delay of fifth-order filters. 
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Fig-. 18—Unit-step response of fifth-order filters. 
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Fig. 19—Bandwidth, rise-time and overshoot of fifth-order TBT filters. 

www.americanradiohistory.com

www.americanradiohistory.com


82 RCA REVIEW March 1957 

Table XI—Variation of Bandwidth, Rise Time, and Overshoot 
with Parameter m. 

2irB t y% 
(normalized) (normalized) 

0.2 1.064 2.40 17.6 

0 1 2.56 12.8 

0.2 0.916 2.74 8.82 

0.4 0.824 2.94 5.71 

0.6 0.740 3.15 3.46 

0.8 0.671 3.36 1.83 

1.0 0.617 3.58 0.75 

1.2 0.572 3.81 0.18 

Summary of TBT Filters 

From the study of the various order TBT filters given in this 
section it is seen that a smooth transition in the steady-state and 
transient characteristics can be obtained between the Butterworth 
(MFA) and the Thomson type (MFED) filters. It is noted that in 
the design of filters or amplifiers with little or no overshoot, values 
of m greater than unity may be used. The actual design procedure for 
filters and filter amplifiers based on the results of this section is given 
next. 

Synthesis of the Ladder Network From a Given 
Transfer Function 

The process of synthesizing a network from its known transfer 
function is well known. It will be given here as applied to the ladder 
networks discussed in this paper. 

Cauer's method9 as described in Guillemin's article10 leads to a 
simple solution for the lossless ladder. Consider an nth order ladder 
network which has n reactive elements as shown in Figure 20. 
In this analysis it is assumed that if n is even, Cj = 0. The nth order 
transfer function case has n poles and no zeros, and may be written as 

9 W. Cauer, "Ausgangsseitig Leerlaufende Filter," Eleck. Nachrichten 
Tech., Vol. 16, p. 161, June, 1939. 

10 E. A. Guillemin, "A Summary of Modern Methods of Network Syn- 
thesis," Advances in Electronics, Academic Press, New York, New York, 
Vol. 3, p. 261, 1951. 
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Z{V)   ■. (22) 
bnPn + H 1- h-iV2 + M + 1 

The driving-point impedance, Z22, looking from terminals 3 and 4 of 
Figure 20 into the network, may be found by dividing the even part 
of the denominator of the transfer function, given by Equation (22) 
by its odd part.11 Z.,.z is therefore given by 

bjiP'1 — — ~ 4" ■ ■ ■ + + 1 
Z.„ =  (23) 

b„_1p
n-1 H h b-jp3 + brf) 

when n is even, and by, 

bn-lP"'1 + &„_3Pn~3 H h b.,p- + 1 
   — (24) 

bnp
n H 1- b3p:i + btf 

for odd values of n. 

In order to carry out the synthesis of the network. Equations (23) 
and (24) are expanded into continued fractions given by 

Z -2 = kxP H  (25) 
1 

k2p H  
k^P + 

1 
+ ■ 

Kv 
when n is even, and 

^22 = (26) 

OiP   
92P 

1 
+ 

3nV 

for odd values of n. 

All fc's and g's, must be positive if Z.,., is physically realizable 

11 Reference (10), p. 277. 
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(Hurwitz Criterion). The driving-point impedance, Z.2.., of the n'h 

order ladder network shown in Figure 20 may be written in terms of 
the circuit elements as 

1 
Z.... (27) 

1 
pCi H  

pLx + 

pCn ■ 
pL'y "l" 

when n is odd. If n is even, C1! = 0 and Equation (27) becomes 

1 
Z22 = pLi (28) 

I 
pCn + 

pL< 

Comparing Equation (25) with Equation (28) and Equation (26) with 
Equation (27), the inductances and capacitances of the ladder network 
are easily found. 

k = n+l FOR n_ , TOR K" 2 + tl EVEN 2 n ODD 

Fig. 20—nth order ladder network. 

Design of Lossless Low-Pass Filters 

Tables XII to XV give the normalized inductances and capacitances 
for the various ladder networks shown in Figures 21 to 24, respec- 
tively. The normalized inductances and capacitances given in the 
tables are for the values of m used previously. The circuit constants 
for other values of m between — .2 and 1.2 may be found by means 
of graphical interpolation. 
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?R e. 

Fig. 21—Second-order ladder 
network. 

L, 

5"C» ==c. n >r e, 

► - —1 

Fig. 22—Third-order ladder 
network. 

L2 L, -twt— 

fC> 
r fi' 

Fig. 23—Fourth-order ladder 
network. 

^C, "C, >R e. 

Fig. 24—Fifth-order ladder 
network. 

Table XII—Coefficients of Second-Order TBT Transfer Functions and the 
Corresponding Circuit Constants. 

VI 0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

C2 
=  

C 
1.338 1.414 1.486 1.554 1.618 1.677 1.732 1.782 

L, 1 
0.747 0.707 0.673 0.643 0.618 0.596 0.577 0.561 

R-C~ 6. 

Table XIII —Coefficients of Third-Order TBT Transfer Functions and the 
Corresponding Circuit Constants. 

m 0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

hi 1.893 2 2.103 2.201 2.294 2.383 2.466 2.547 

K 1.906 2 2.092 2.182 2.268 2.352 2.433 2.510 

a i 

C ~ b. 
0.525 0.500 0.478 0.458 0.441 0.425 0.411 0.398 

c, 

c 

1 

b. 
1.368 1.500 1.624 1.743 1.854 1.958 2.055 2.148 

Ln lh 
1.393 1.333 1.287 1.252 1.224 1.201 1.184 1.168 

R-C 
b, - 

1 
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Table XIV—Coefficients of Fourth-Order TBT Transfer Functions and the 
Corresponding Circuit Constants. 

m 0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

In 2.481 2.613 2.741 2.864 2.982 3.094 3.201 3.302 

b- 3.213 3.414 3.614 3.814 4.010 4.203 4.392 4.575 

hi 2.507 2.613 2.718 2.822 2.925 3.026 3.124 3.220 

Li 

R-C 

1 
0.399 0.383 0.368 0.354 0.342 0.330 0.320 0.311 

C, bs 
1.127 1.082 1.043 1.008 0.978 0.951 0.928 0.907 

C bt 

6, 

C* 63 
I, 1.353 1.531 1.698 1.856 2.004 2.143 2.273 2.395 

( b, 
b,  

b. 
bt 

Lj b. 
1.G43 1.577 1.535 1.508 1.492 1.484 1.481 1.482 

R-C 63 

b, 

b. 

Table XV—Coefficients of Fifth-Order TBT Transfer Functions and the 
Corresponding Circuit Constants. 

m —0.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

bi 3.079 3.236 3.387 3.534 3.673 3.808 3.937 4.060 

b. 4.902 5.236 5.569 5.905 6.235 6.564 6.888 7.206 

63 4.933 5.236 5.541 5.851 6.159 6.470 6.778 7.085 

6. 3.119 3.236 3.352 3.469 3.583 3.698 3.811 3.923 

Ch/C 0.321 0.309 0.298 0.288 0.279 0.270 0.262 0.255 

U/R-C 0.928 0.894 0.864 0.836 0.811 0.788 0.767 0.747 

c, c 1.435 1.382 1.338 1.300 1.269 1.243 1.221 1.203 

Lj/R^C 1.770 1.695 1.656 1.640 1.638 1.646 1.659 1.676 

cvc 1.323 1.545 1.751 1.945 2.125 2.295 2.453 2.602 
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The use of Tables XII to XV and Figures 7, 11, 15, and 19 enables 
one to design a current-driven low-pass filter, interstage network, or 
a delay line filter. These may be designed for prescribed bandwidth, 
rise time, overshoot, etc., using high-Q elements. If low-Q circuit 
elements must be used, the TBT transfer functions may be transformed 
into new transfer functions by means of the substitution12 S = p + d 
where d detei-mines the dissipation in the circuit elements. The syn- 
thesis may then be carried out in a manner similar to that shown 
previously. Storch13 applied this method for the synthesis of the 
MFED network wTith low-Q elements and shows the design procedure 
for a ninth-order filter. 

Stagger-Tuned Band-Pass Amplifiers 

Consider now the design of a staggered tuned amplifier with n 
single-tuned stages designed for a given amount of overshoot. The 
stagger-tuned amplifier may be designed by use of the data given 
above. This data may be also used for the design of staggered damped 
double-tuned circuits.14'15 Once the location of the poles in the complex 
frequency plane is known the interstage network may be easily found. 
The discussion here will be limited to the narrow-band case. 

Single-Tuned Stage 

The transfer impedance, Zt, of a current-driven circuit shown in 
Figure 25 is given by 

e.> lip 
— = Zt{,p)= = (29) 

i 1 I C 11 
 h pC H  p2 H P + - 
R pL RC LC 

1 p 
> 

C (P —Pi) (p — V-i) 

12 S. Darlington, "Synthesis of Reactance Four Poles," Jour, of Math, 
and Physics, Vol. 18, p. 335, September, 1939. 

13 Reference (7), p. 111. 
1,1 Reference (3), p. 221. 
15 M. M. McWharter and J. M. Pettit, "The Design of Stagger-Tuned 

Double-Tuned Amplifiers for Arbitrarily Large Bandwidth," Proc. I.R.E., 
Vol. 43, p. 923, August, 1955. 
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where p = jo. 

p2 = - 

1 

2RC 

1 

2RC 

+ i 
i 

LC 2RC 
fi + 7\/wo2 — "'i2' 

/ i 

LC 

1 

2flC 
(/j — /V<"02 — "i2- 

(30) 

It is seen fi'om Equation (29) that the single-tuned circuit given in 
Figure 25 has one zero at the origin and two complex conjugate poles 
given by Equation (30). If this circuit is driven by a pentode having 
the transconductance the gain g of the stage will be 

Q — ilmZt — 
v 

c (p —Pi) (p —P2) 
(31) 

Fig. 25—Single-tuned shunt-loaded circuit. 

For circuits having moderate or high Q, the variation of the gain 
in the pass band near the critical frequency m,, of the pole p,, for all 
practical purposes, is not affected by the existence of the conjugate 
pole and the zero at the origin. For the narrow-band approximation, 
the absolute value of the gain may be written as 

9m 

C 

P On (]}Q On 

IP—Pi | • | V—Pi | c I p~p, I • 2<ii0 2C 

where the following approximations have been made: 

1 

IP—Vi | 
, (32) 

|P| " I>01 =<"0 = 

and 
IP — P21 

\/LC 

12y(o01 = 2<D0, 
since cuq ^ (Tj. 

Figure 26 shows the location of the poles and zero. 
It is seen from Equation (32) that the behavior of the gain in the 
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pass band may be approximated by considering only a single pole p, 
in the second quadrant. The 3-decibel bandwidth b of the single-tuned 
stage is'" 

1 
b= , (33) 

2T7RC 

the center frequency /0 is given by 

1 
/o = (34) 

2.tt \/LC 

jw 

Fig. 26—Location of poles and zero of single-tuned circuit. 

and the Q of the tuned circuit is 

R fo / c 
Q = = = Ri/(35) 

u)0L b V L 

The "gain-bandwidth" of a single tuned circuit is found by multiplying 
the center frequency gain g0 times the bandwidth b as defined in 
Equation (33). 

The center frequency gain is 

Q 711 1 ff 7)1 1 
ffo= lfflP^u = = = ffmR. (36) 

2C I ju>0 — a — j<i)n I 2C 1 

2RC 
16 Reference (3), p. 168. 
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so that the gain-bandwidth product is 

1 9 m 
9ob = ginR~ ■ = . (37) 

2ttRC 2TTC 

n Cascaded Stages 
If n stages ai-e cascaded, each having the same transconductance 

gm and shunt capacity C, the absolute value of the total gain G is 
given by 

IGi= (38) 
k=1 \ 2C / k=i \P — Pk\ 

The poles may now be arranged in the p plane to give the desired 
response. 

If we drive a narrow-band-pass amplifier by a unit stepped carrier 
at the center frequency of the amplifier, /0, the envelope of the output 
will be the same as the unit step response of the low-pass analog.17 

The transfer function of the low-pass analog of the band-pass filter 
will have the same pole arrangement around the origin as the transfer 
function of the band-pass system has about the center frequency, f0. 
It is this relationship between the low-pass and band-pass systems 
that enables us to use the low-pass data given for the design of band- 
pass amplifiers. 

Gain-Bandwidth Factor 

The gain-bandwidth factor (GBF) of an amplifier is defined as 

(over-all gain)1''" X over-all bandwidth 
GBF =  ■ (39) 

ffm/STrC 

It has been shown18 that the GBF of a stagger-tuned maximally flat 
(Butterworth poles distribution) w-uple is 1. After giving the design 
procedure it will be proved that the GBF of a staggered tuned w-uple 
having TBT pole distribution is 2ttB, the normalized 3-decibel band- 
width. 

Design Procedure 

Let gm, C, total center frequency gain G0, and the bandwidth B of 
the desired amplifier be given, and the amount of overshoot restricted 

17 Reference (3), chapter 7. 
"Reference (3), p. 179. 
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to y/100 or less. The over-all center-frequency gain is found from 
Equation (39) to be 

9m GBF \" / <jm 
^0= = . (40) 

2rrC B / \ 2^C B 

Equation (40) involves two unknown variables B and n. For a given 
overshoot, B does not vary appreciably with the number of stages (see 
Figures 7, 11, 15 and 19). After n is chosen, m and B are found from 
these figures for a given amount of overshoot. 

With a chosen value n, different values of m and B may be found 
for the n*1' order filter, depending on the amount of overshoot selected. 
Since n is an integer, the chosen value of n may result in too large an 
over-all gain, whereas the next smaller value of n may give too low a 
gain for the specified design criteria. In this case the value of n 
resulting in the larger gain is chosen and a smaller overshoot is 
selected so that the gain requirement is satisfied. 

We next find the location of the poles in the normalized p plane by 
use of Tables IV, VI, VII, and X. These poles satisfy the relation 
given by Equation (2) which can be written as 

n n 

n i p*; i= n i "k+fak i—i (4i) 
/.■ = 1 k=l 

where o-,. and (,>lc are normalized values and are found in the tables as 
the real and imaginary parts of pk. 

The 3-decibel bandwidth of this pole arrangement is B. In order 
to make the angular bandwidth unity as for the Butterworth case we 
multiply the poles by 1/2ttB. A Butterworth pole distribution will 
have the bandwidth B if the poles are located on a circle of radius nB. 
To make the center frequency of the amplifier /0, all the poles are 
shifted to the upper half of p plane by the amount j(a0. The location 
of the poles will therefore be 

B 1 
Pk= (<rk + jak) ■ h j2TTf0 (42) 

2 2ttB 

where o-;, and mt are as specified in Equation (41). Each pole represents 
a single-tuned circuit which has a center frequency fk given by 

B 1 
fk = fo-\ "t • (43) 

2 277# 

The 3-decibel bandwidth of each tuned circuit is 
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B 
h,. =   (  (T;,.) 

2775 
(44) 

since the real part of Equation (42) is equal to ir/Q. 
To find L;,. and Rk we use Equations (34) and (35) which give 

1 
Lk- 

( 2,~f j:)
2 C 

(45) 

where C is the total interstage shunt capacity. 
The resistance is given by 

fk ^2h2L,B 
Ri. = 27r/,,L/. = • (46) 

lh (- ■ Vk )B 

where /n in Equation (35) has been replaced by the center frequency 
of the k'h stage, 

GBF of the Amplifier 
In the above design procedure, use was made of the equation 

GBF = 'ZttB. We shall now prove this equality. The over-all gain at the 
center frequency as seen from Equation (38) is 

I Go | = 
ffn, 

2C 
n 
l-=l \j2TTf0 — pl!\ 

9v, 

2C 
n B 1 

—    (ffc + 
2 B 

(47) 

9 m 1 

2C B 1 

2 B 

n 
! f k + j^k I 

9 m E 

2C B 

2 

where use was made of Equations (42) and (43). 
The gain-bandwidth factor from Equations (39) and (47) is 

GBF = 

i 

IGoF# 

9 m 

27rC 

9m B 
 B 
2C B 

2 

9 m 

2*0 

2ttB. (48) 
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The gain-bandwidth factor of a staggered TBT amplifier with n single- 
tuned stages is seen to equal 2ttB given in Figures 7, 12, 15, and 19. 

Table XVI—Steady State Equations for MFA and MFED Networks. 

CHARACTERISTIC MFA NETWORK MFED NETWORK 

NORMALIZED 
TRANSFER 
ADMITTANCE 

[Z(p)f= 
n _ . 

TT [p-ei,P il'1 ^H'eJen k=o 
n-i 2 
JHp-e.p 1(l± ■ o^d 

[ZIP)] ' = 

t4 i r,dk Pl (snl! |,!0 
where 

{2n- k)! 
"d«S n-k l" * (n-k)! k! 

NORMALIZED 
AMPLITUDE 
RESPONSE 

T(w 1 = |[zip)] 'j 

=(i+^n r* 

"h° l1 

L I <A J k=o 
where 

(2n - k)! ( 2n - 2k)! n k " r -12 k ! j (n-k)! J z2'"-"' 

NORMALIZED 
PHASE ANGLE 

8(uil = 
--I 2 w- sin (1 ± }Tr „ -> Ion  i-il , n 

k=0 -cosdi J!i±L),r even 

T. w"Sin(l± ^ „ 
^ "ln 1, ' Odd k=o -cos (1 ± p ) tt 

9i<v) = 
n-i / n-1 2 7 2 V H (.i2,<+l / V ^ i.i2k n 
. n 2k +1 — / 1, n<32k - • odd k =0 ' k=o 
n 1 / n | 

NORMALIZED 
ENVELOPE 
DELAY 

'e : 
— -1 2 k + i -cosdiHr1)' 
k=o 'eve" 

~F ■ cos [ 1 ± ^ n 
? k ' 0(3,3 

k=o a, - 2ai sin(l ± -pf )7r+i 

le = 1"'+ n ] L j k=o 

n — order of network. 
p ==■ jutRC, C is adjusted to make normalized MFA bandwidth unity. 

ju= jioR^Ci, SCi = sum of all shunt capacitances in ladder net- 
work. 

Conclusion 

It has been shown that a TBT filter has a unit-step response with 
less overshoot than that for the MFA filter of the same order when 
the parameter m is greater than zero. The rise time is less than that 
for the corresponding MFED filter when m is less than unity. In 
general, the TBT networks have steady-state and transient character- 
istics which lie between those for the MFA and MFED networks. All 
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possible characteristics between those for the MFA and MFED net- 
works can be obtained by making the variable parameter m continuous. 
With the parameter m equal to zero, the MFA characteristic is ob- 
tained; and when m is unity, the MFED characteristic results. When 
the value of m is less than zero, the corresponding filter has a greater 
bandwidth and overshoot than the MFA network. With the parameter 
m greater than unity, filters with little or no overshoot result. Design 
data has been given which enables one to synthesize a low-pass filter 
or a staggered-tuned band-pass amplifier with the TBT characteristic. 
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A LINEAR-LOGARITHMIC AMPLIFIER 

FOR ULTRA-SHORT PULSES 

By 

Harry Kihn and William E. Barnette 

RCA Laboratories. 
Princeton, N. J. 

Summary—This paper describes a compact five-stage logarithmic-linear 
amplifier having an over-all bandwidth of 180 megacycles centered at 180 
megacycles and a total dynamic range of 67 decibels. The input signal 
required for 0.2 volt output from the last stage detector in the linear mode 
is approximately 700 microvolts of 100 per cent modulated carrier at 180 
megacycles. The amplifier input impedance is matched to a 170-ohm line 
to within ±1 decibel over a 200-megacycle bandwidth to allow operation 
from, a remote wide-hand preamplifier. Additionally, a video amplifier of 
90 megacycles bandwidth and 28 decibels gain feeding two parallel matched 
170-ohm transmission lines and driven by the "log-lin" amplifier is described. 
Means are included for i-f amplifier gating and for various blanking signals 
into the video amplifier. A novel method of continuous signal detection and 
wide-band video time delay have been incorporated in the amplifier system. 
Furthermore, descriptions of developmental wide-band frequency sweep, 
video, and ultra-short-pulse generators are included. The amplifier system 
may be useful in airborne millimicrosecond pulse radar, multiple channel 
television, and for nuclear pulse amplification. 

Introduction 

ITH the increasing importance of high-resolution systems, 
the need arose for high-gain, low-noise, wide-band amplifiers 
for both i-f and video amplification in a superheterodyne 

receiver. The effectiveness of performance of these amplifiers in faith- 
fully reproducing pulses as short as 10 millimicroseconds, with a 
dynamic range extending from signals of the order of fluctuation noise 
to 50 or 60 decibels greater, determined to a large extent the usefulness 
of the system. 

Although there is considerable literature dealing with the design 
of amplifier systems of large dynamic range, these designs did not 
venture beyond the use of .1 microsecond wide pulses. If the pulse 
width is decreased by an order of magnitude, a number of new problems 
appear. Tubes, techniques, nonlinear devices, and center frequencies 
which can be successfully applied in narow-bandwidth systems, no 
longer are applicable or must be considerably modified. The gain- 
bandwidth criterion decrees low-impedance, low-Q circuits which limit 
the effective dynamic range of nonlinear devices such as crystal diodes. 

95 
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More complex circuit configurations must be used to optimize the gain 
for a given bandwidth. Provision must also be made to insure adequate 
r-f filtering of the second-detector load circuit without deteriorating 
the video amplifier response. 

A previously published paper1 described a lightweight wide-band 
amplifier capable of amplifying 10-millimicrosecond pulsed signals on 
a 170-megacycle carrier, having 130-megacycle bandwidth, 80 decibels 
gain, and a noise factor of 5.5 when operating from a crystal mixer of 
360-ohm source impedance. This amplifier used a "cascade chain" 
configuration of high Gm triodes with a stagger-damped circuit arrange- 
ment incorporating permeability-tuned elements. This also included 
a 75-megacycle wide video amplifier of 28 decibels gain which fed two 
high-mu sharp-cutoff developmental cathode-ray tubes. This amplifier 
served as the starting point of the logarithmic amplifier described here. 

The basic limitation in the above linear amplifier was that if the 
gain control was set to see pulses of the order of fluctuation noise, 
pulses greater than 25 decibels above this level were limited and clipped 
thus severely deteriorating the "highlight" or strong-signal resolution. 
Furthermore, the minimum time constant in the grid circuit was not 
low enough to prevent masking of weak signal following extremely 
strong ones. These shortcomings plus the extra circuit complexity and 
poorer signal/noise performance inherent in a high-resolution system 
tended to severely limit the utility of such a high-resolution system. 

A survey was made of the several known means of increasing the 
dynamic range of the amplifier system with the provision that the 
system response would allow receiver recovery 20 millimicroseconds 
after the cessation of a very strong pulse to allow proper amplification 
of weak pulses immediately following strong ones. The three most 
promising are 

1. Instantaneous automatic gain control; 
2. Prescribed time varying gain control; 
3. Logarithmic, or the constant incremental system. 

In the instantaneous a-g-c, which is similar to the commonly used 
carier a-g-c, an attempt is made to maintain individual pulses or groups 
of pulses at the same level at the second detector, independent of input 
signal level. Because of the 20-millimicrosecond recovery requirement, 
the feedback circuit to control gain would require bandwidths of the 
order of 50 megacycles, thereby severely aggravating the filtering 

1 Harry Kihn, "A Wide Band Low Noise Amplifier for Millimicrosecond 
Pulses," presented at Aerborne Electronics Conference, Dayton, Ohio, May 
9, 1955. 
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problem of the feedback control voltage with consequent amplifier 
instability. Although this method is very useful in narrow-band sys- 
tems, it was not deemed feasible in high-gain amplifiers for 10-milli- 
microsecond pulses. 

Prescribed time varying gain control may be used in applications 
where the target signal return amplitude varies in a known manner 
as a function of time. A gain control voltage having the inverse func- 
tion of time compared to the above may be applied to one or more 
amplifier grids to maintain, on the average, a constant signal at the 
second detector. In radar this is the well known sensitivity—time con- 
trol which tends to equalize the disparity in signal strength from 
nearby and distant objects. This does not, however, solve the problem 
of variable target scattering cross section at a given range which may 
have a variation of 50 decibels. Since there is no precise means of 
predicting the nature of reflecting objects, no useful method is avail- 
able to present saturation of strong signals adjacent in time to weak 
ones. This method therefore may aid in reducing the dynamic range 
required but does not basically solve the problem. 

The most desirable signal input-output characteristic is one that 
never completely saturates on strong signals, yet allows weak signals 
to be seen in noise. This is attained by the use of an amplifier whose 
output approximates the logarithm of the input. In this case the 
incremental amplification at any signal level is inversely proportional 
to the signal level. This implies that the same percentage fluctuation 
can be seen at all signal levels. This may be expressed as: 

K dEln 

dEout - > 
■E'ln 

therefore, 

Emn = K In E-m + En. 

This type of amplifier therefore allows the instantaneous compression 
of large pulses while simultaneously providing the gain necessary for 
amplifying signals of the order of fluctuation noise. This is the 
amplifier type described in this paper. 

Types of Logarithmic Amplifiers 

The three most useful methods of providing a log characteristic in 
an amplifier will now be examined. 

The Impedance Variation Method 

This uses nonlinear impedances, Z, as circuit loading in tandem 
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Fig. 1—Amplifier chain using nonlinear plate circuit impedances as the 
logarithmatizing- elements. 

amplifier stages, a method which has been extensively used.2 These 
impedances have a general expression Ztc — f(K/Eiu) and are adjusted 
by d-c bias and padded by linear resistance to result in a logarithmic 
characteristic over a considerable dynamic range. 

Figure 1 shows an amplifier chain using nonlinear plate circuit 
impedances as the logarithmatizing elements. Figure 2 shows the 
impedance variation as a function of voltage. If it is assumed that 
Z = Z0/ (1 + Eg/Efi) is the law of variation of nonlinear dynamic 
impedance, where Z is the average impedance over an r-f cycle, Z0 is 
the impedance at zero or small signal amplitudes, and Ea is the in- 
stantaneous signal amplitude across Z, the following relationships may 
be derived : 

En=Ev ,GmZ = En_,Gm~ 

1 + 
En 

Since only low values of Z are being considered because of the great 
bandwidth, the tube gain may be expressed as G^Z even for triodes. 
It is evident that as En_l/E() —» 0, £7„ = Gm Z0, which is the normal 
linear amplifier gain. However as En _l/E0 becomes greater than 1 
and approaches the value of GmZn (which may have values of 3 to 10 
in many wide-band amplifiers), then EH —> and the gain of the 
last stage approaches 1. 

Figure 3 shows a family of input-output curves for a varying 

2o 

Eo Ej 
Fig. 2—Impedance variation as 
a function of voltage for the 
nonlinear impedances of Fig- 

ure 1. 

e. ej 
Fig. 3--Input-output curves for 
various numbers of stages using 
the impedance-variation method. 

2 R. V. Aired and A. Reiss, "An Anti-Clutter Radio Receiver," Jour. 
Elec. Engrg., Vol. 95-3, p. 459, Novemb€r, 1948. 
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number of stages from 1 to n. For small signals of the order of r-m-s 
noise, the over-all receiver gain is G" where G is the small-signal stage 
gain and n is the number of stages. From the above discussion it is 
evident that as Es, the input signal, increases from thermal noise to 
ex at which the last-stage gain approaches 1, the input-output relation- 
ship shifts to the G""1 curve as shown by the solid line. As Es further 
increases, the shift continues to G"-'2, etc., until the amplifier has an 
over-all gain of 1. Since the variation in Z is not in discrete steps but 
is quite gradual, the E,, versus Es curve is more like the dotted curve. 
By suitably adjusting the Z versus Es law by bias and resistive pad- 
ding, the gain slope may be made to approach the relation: 

dEn K 
— = — , (shown in Figure 3) 

dEs Es 

and En — K In Es + E0 

which is the desired relationship. 

Continuous Detection and Addition Method 
In this system the amplified r-f signal is detected in every stage 

or sequence of stages, each of which has a well-defined limiting level, 
and the filtered video signals are summed up with suitable time delay 
to produce an output which approximates the desired law. 

Figures 4a and 4b show typical amplifier chains using the above 
principle. In Figure 4a, the voltage at the plate or grid circuit of each 
stage is limited, detected, and fed into a common R0 by suitable delay 
networks such that the delay of the detected signal as it passes from 
stage I to stage n just compensates the i-f band-pass stage delay. This 
insures that all the detected pulses will coincide to produce one com- 
posite pulse approximating in shape the original pulse. It should be 
noted that not only must the average phase slope (time delay) be the 
same for the i-f and video channels, but also their variation in time 
delay with frequency. The latter condition insures that all components 
of the pulse will add up properly to produce the desired result. This 
becomes a serious problem for very wide bandwidths as will be shown 
later in the discussion of the time-delay requirements. In Figure 4a, 
grid leak detection and limiting may be used in place of separate 
detectors and limiters. Plate detection in an auxiliary tube and crystal 
or thermionic diodes may similarly serve the purpose of limiting and 
detection. 

Figure 4b shows an alternative scheme in which the tubes to Vn 

are back biased to provide automatic limiting and plate detection, with 
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the detected output taken across Zk, the cathode impedance.3 In a 
similar fashion to the above, the detected signal is delayed sequentially 
to insure complete superposition of the pulses from all the stages. 

Figure 5 shows a plot of the detection characteristic of a typical 
5-stage continuous-detection log amplifier. It is evident that amplifier 
input signals of the order of noise, e0, will produce output only in 
stage 5, signals near ea will produce output from stages 4 and 5, etc.. 

until at ed all five stages are feeding signals across fi0. This is illus- 
trated in Figure 6 for a cosinusoidal shaped pulse. 

Referring to Figures 5 and 6, input signals of the order of e0 have 
the full gain of the amplifier £■„ = G" e0, but at ea the output is EL, the 
limiting level per stage, plus Gn~1 A ea, where A ea is the increment of 
ea beyond the (w—1) stage intercept. It is evident that for input 
signals of the order of erf, the output is 

En = nEj + GAed. 

If we let El = e,G, then En{Xos) =NGel, + GAed, the output of the nth 

3 T. H. Chambers and I. H. Page, "The High Accuracy Logarithmic 
Receiver," Proc. I.R.E., Vol. 42, p. 1307, August, 1954. 
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En 

OUTPUT ACROSS R0 

CONTRIBUTION OF STAGE NUMBER 

e0(N01SE) Ca ed eb ec 
6 SIGNAL 

Pig:. 5—-Detection characteristics of a typical 5-stag-e continuous-detection 
log amplifier. 

stage. If we had a linear amplifier in place of the above and fed an 
input signal eL + ±ed into the amplifier, then En{Vm) = {eh + ^.e^G". 
If the number of stages become large for a given over-all gain, and 
the limiting levels are identical in each stage, then the linear and 
continuous-detection amplifier gains may be written 

E„ 
- Clin) =KG'\ 

En 
flog) =nG + K. 

It is evident that the expression of the latter is the logarithm of the 
former. For the amplifier described here, n = 5 which value is some- 
what low for true logarithmic amplification to be attained. Due to 
slight nonlinearities between limiting levels, the resulting character- 
istic is quite adequate for purposes of instantaneous a-g-c of a 10- 
millimicrosecond amplifier. The added complexity of a larger number 
of stages was proved to be unnecessary. 

Nonlinear Feedback Method 

This method uses the nonlinear characteristic of crystals or diodes 
to control the feedback factor of an amplifier, and may take the form 

En 

Fig. f!—Signal addition for a cosinusoidal-shaped pulse. 
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of either variable cathode degeneration or nonlinear plate-to-grid 
feedback. This method is primarily useful for low-frequency narrow- 
band-pass amplifiers and video amplifiers, but is not suited for the 
180-megacycle bandwidth required per stage. Figure 7a shows a 
possible arrangement of the cathode feedback' and Figure 7b of a 
plate-feedback amplifier. In the former, the effective cathode degenera- 
tion is controlled by signal level such that the cathode impedance 
increases with signal, hence reducing the effective gain. In the latter 

Fig'. 7(a)—Cathode-feedback system for the nonlinear feedback method; 
(b)—Plate-feedback system for the nonlinear feedback method. 

the negative feedback ratio (- Z(I/\R, + ZJ) is increased by the reduc- 
tion of R, with increasing signal level. When Rx >> Z0 (low signal) 
the feedback is essentially zero. When Rr « Z0 then the feedback 
provides a unity stage gain. The result is therefore similar to that of 
the two methods previously described. 

Wide-Band Prototype Amplifier 

Figure 8 shows a spectrum plot of the pulse to be used in the 
system. This is approximately a cosine-shaped pulse as shown by the 
points plotted according to a cosine law. From an analysis of the pulse 

4 W. E. Ayer, "Video Amplifiers With Instantaneous AGC," Electronic 
Research Laboratories, TR No. 4, Stanford University, Calif. 
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shape and the system noise bandwidth it was concluded that 130 
megacycles was the optimum over-all bandwidth for the best signal- 
to-noise ratio. To further optimize the S/'N ratio the amplifier input 
circuit should be the limiting parameter in bandwidth consideration, 
since this would allow maximum mixer crystal impedance transfor- 
mation into the first tube grid circuit. All subsequent circuits must 
be wide enough not to materially reduce this bandwidth. From a 
consideration of the bandwidth shrinkage factor, S for n stagger- 
damped pairs of circuits S = \ 2^n — 1JV8 and the need of six or seven 

Fig. 8—Spectrum plot of a pulse for the system. 

pairs (n = 6 or 7) to produce the 75-decibel gain required, a single- 
stage bandwidth of 180 megacycles or greater was deemed necessary. 
The 7.5-decibei gain is needed to amplify crystal mixer noise to ap- 
proximately 0.2 volt r-m-s for efficient second-detector operation. 

The success of the linear "cascade-chain" amplifier1 in providing 
maximum gain-bandwidth of all the practical lightweight amplifier 
arrangements investigated, led to the use of a modification of this 
amplifier for the equipment described herein. For this reason a brief 
description of this linear prototype is included. Figure 9 shows an 
early version of a stagger-damped, multiple tuned, cascade-chain circuit 
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incorporating cathode inductance compensation. The advantage of 
single-loaded stagger-damped circuits over single-tuned synchronous 
circuits and even transitionally coupled stages may be realized by the 
comparison of the gain-bandwidth factors shown below.5 

Gain-Bandwidth 

(1) m synchronous single-tuned circuits (21/m — 1)1/2 

(2) m transitionally coupled double-tuned circuits 
with equal Q's V2 (2,/m — 1) ^ 

(3) m transitionally coupled double-tuned circuits, 
one-side loading 2 (21/,n—1)1/4 

(4) m stagger-damped doubles with single-loaded 
double-tuned circuits 2 (21/m — I)1/8 

Fig. 9—Early version of a stagger-damped, multiple-tuned cascade-chain 
circuit incorporating cathode-inductance compensation. 

If m = 1 (for a single stage) then (3) and (4) have a 6-decibel 
improvement and (2) affords a 3-decibel improvement over single-tuned 
circuits. It is evident too that (4), the stagger-damped circuit, al- 
though having the same gain-bandwidth factor as (3), has a lesser 
bandwidth compression than the transitionally coupled case for large 
values of m. The price paid for these desirable features in (4) is the 
greater circuit complexity and more critical adjustments required. In 
Figure 9, circuit I was used as the overcoupled stage since which 
is the only loading on the circuit, could be adjusted to produce the 
required Q. Circuit II is loaded by the input impedance of the grounded 
grid tube, F3, which is approximately 20 ohms, (/^ = {ZL + Rv) / 

5 G. E. Valley, Jr. and H. Wallman, Vacuum Tube Amplifiers, Radiation 
Laboratory Series, Vol. 18. 
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Fig. 10—Equivalent circuit of prototype amplifier. 

i/x + l) ^ l/gm) hence is inherently a low-Q circuit. The equivalent 
circuit of Figure 9 is shown in Figure 10. 

Because the shell-to-cathode capacitance Ck of the 416B triode used 
resonates within the pass band with the cathode lead inductance, Lk, 
thus seriously deteriorating the response due to cathode degeneration, 
a compensation circuit Lk, Ckt Rk has been included. The equivalent 
circuit and response are shown in Figure 11. The gain of this circuit is 

Ck " fO/J^F 

20 ^0 60 80 100 120 140 160 100 200 220 240 260 200 300 
FREQUENCY(MC) 

Fig. 11—Cathode inductance compensation. 
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Ck and Rk have been selected to produce a slightly rising gain-versus- 
frequency characteristic which compensates for increased input loading 
to produce an over-all response which is quite flat over the pass band. 
The responses of several stages are shown in Figure 12. However, due 
to the considerable variation in 416B triode characteristics, a modifica- 
tion of the circuit of Figure 9 was used in the log amplifier prototype 
circuit. This is shown in Figure 13. 

From a comparison of Figures 9 and 13 it is seen that Rx has been 
moved to the grid side of L, in circuit I and C3 and C4 have been 
added in circuit II. With directly across the grid of V2, the possi- 
bility of F2 oscillating (caused by positive feedback through CP!7) when 
L, and L., are detuned, has been eliminated. This change also places 
the low-Q circuit on the grid side so that circuit variations due to 
grid input loading for changes in 416B tubes are minimized. The 
addition of a small amount of damping, RA, across Lj produces a 
flatter over-all response. C:1 is a vernier primary tuning means, while 
C4 allows the adjustment of secondary Q in circuit II with varying 
input impedance and shell capacity of the 416B. This secondary circuit 
is effectively a series resonant circuit in this modification, such that 
with 416B input resistances of the order of 20 ohms, Q's of one or 
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Fig. 12—Response of cascade-chain amplifier using prototype stages of 
Figure 9. 

Fig. 13—Modified cascade-chain amplifier stage. 
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more can be attained. The effective shunt Q for Cslc in parallel with 
i/gm is of the order of 1/4 to 1/2, which is too low for effective 
staggered damping circuitry. 

Figure 14 shows the frequency responses for several stages of the 
prototype logarithmic amplifier. The insertion gain per stage varies 
from 13 to 15 decibels with replacement of 416B tubes. The bandwidth 
is at least 180 megacycles and can be aligned to 200 megacycles with 
normal care. 

so 

45 

40 

35 

O 3 0 
z 
5 25 
0 
w 20 

< 15 _l ui CC 10 

5 

0 

-S 

-10 80 100 120 140 160 180 200 220 240 260 280 300 320 
MC 

Pig. 14—Frequency responses for several stages of the prototype amplifier 
(linear mode). 

As indicated previously, several methods of logarithmatizing were 
considered. The earliest and simplest was the impedance variation 
method using two stages of grounded-grid amplification, synchronously 
tuned, using back-to-back 1N72 germanium crystals. Compression 
ratios of up to 10 decibels were attained, but the gain-bandwidth was 
poor as is characteristic of synchronous single-tuned stages. This illus- 
trated, however, that the 1N72 was a useful nonlinear element in the 
UHF region and was suitable for use in the log amplifier. For band- 
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widths under 100 megacycles, this configuration might be useful. By 
using double-tuned circuitry in the above amplifier, a small-signal gain 
of 5 decibels gain and 160 megacycles bandwidth per tube were attained. 
To maintain proper band-pass shape at all levels of signals required 
not only equal Q circuits in the primary and secondary but also two 
pairs of back-to-back crystals which must have quite well-defined laws 
of resistance variation. This arrangement was found to depend too 
critically on crystal and tube parameters, hence other avenues were 
investigated. Figure 15 shows a schematic diagram and the response 
of a single-tuned test circuit using back-to-back 1N72 germanium 
crystal diodes. Figure 16 shows a schematic circuit diagram of a 
double-tuned grounded-grid circuit and oscillograms of the output 
voltage for various circuit parameters. The latter tests were made by 
simulated resistance to simplify the observed frequency characteristic 
variation to attain 10 decibels or more of amplitude compression. It 
may be noted that oscillogram A would represent weak-signal and 
oscillogram I, strong-signal operation. To maintain suitable band pass 
for intermediate values of Ry and R.^ required very precise control of 
these values. Since the 416B tube input impedance is low (20 ohms), 
placing realizable nonlinear resistance across this element is useless 
for amplitude control. 

Attempts to secure increased gain-bandwidth with cascade-chain 
circuits resulted in 14-decibel, 160-megacycle amplifiers, but again the 
tracking problem was formidable. The use of the above as a band- 
width-determining element and a separate single-tuned crystal-loaded 
nonlinear element showed some promise, but required additional tubes 
with only 10-decibel compression ratios per 3 tubes. 

The use of feedback nonlinear amplifiers was then briefly considered. 
Available crystal diodes are too high impedance even at strong signals 
to be placed directly in the cathode circuit, and experience with the 
cathode compensation circuit for the 416B showed that oscillation 
would result from the presence of leads as short as 1 2 inch in the 
cathode circuit if the grid circuit were suitably tuned. Since oscillation 
might damage a tube beyond repair, this approach was not further 
investigated. 

The use of feedback from plate to grid by means of back-to-back 
crystals results in the addition of at least 3 to 5 micromicrofarads 
which, at 280 megacycles, is sufficient to cause oscillation unless heavy 
grid damping is used with consequent reduction in gain-bandwidth. 
The difficulty of controlling the phase of the feedback over such a wide 
frequency range mitigated against the use of this type of logarith- 
matizing. 
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LOGARITHMIC AMPLIFIER ('/J STAGt) 

I~)— 

n 

SINGLE XT AL 

DOUBLE XTAL 

-1 I I I I I I 
(MV) 
J L_ J I I I I I 1_ 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 

Fig. 15—Schematic and response of a single-tuned circuit for testing 
1N72 germanium crystal diodes. 
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Fig. 16—Schematic and oscillograms of a double-tuned grounded-grid circuit 
(oscilloscope gain settings are shown). 
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As a result of the above considerations the continuous detection 
method was deemed most practical for the wide-band amplifier de- 
scribed here. The method of back-biased tube detection was considered 
first since this results in the simplest type of amplifier. Because the 
grid bias of each stage must be adjusted for optimum detection as 
well as straight-through gain, this results in a stage loss of about 
5 to 6 decibels over optimum biasing for gain alone. Since in the 
system considered amplification of signals of the order of fluctuation 
noise was important and since gains per stage of only 14 decibels could 
be realized at the extremely wide bandwidth needed, this loss was a 
serious drawback. Furthermore there were no pentodes available with 
a gain-bandwidth factor comparable to that of the 416B triode, so that 
grounded-grid stages or cascade-chain stages must be used. Because 
the input impedance of the grounded-grid tube varies with grid voltage, 
double-tuned circuits become asymmetric with strong signals and 
indeed the cascade-chain amplifier may oscillate if the loading effect 
of the grounded-grid tube in its plate circuit were reduced. In addition, 
placing a broad-band impedance in the cathode circuit of the 416B 
operating over the range of frequencies required, leads to amplifier 
instability. 

Grid-leak detection was also considered, but this involves too long 
time constants and poor video response if efficient detection is desired. 
The system finally evolved was the continuous detection method using 
1N82 crystals as detectors which feed a nonlinear load consisting of 
two 1N72 crystals in parallel as shown in Figure 17. This is seen to 
consist of a modified wide-band cascade-chain amplifier prototype with 
a 1N82 crystal detector capacitatively coupled to the shell of and 
feeding two 1N72 crystals in parallel with a band-stop filter. These 
are directly coupled to the grid of a 6AK5 isolation amplifier which is 
connected to a lumped-circuit negative mutual delay line described 
later. The virtue of this arrangement lies in that the detector is 
connected across the low input impedance of V.j, and hence has a 
negligible effect on the band-pass characteristic. Therefore signals 
passing directly through the amplifier are not distorted, regardless of 
their level. The 68-micromicrofarad capacitor tends to equalize the 
slight difference between the straight-through response and the detector 
circuit branch response shown in Figure 18. The 1N82 is biased for 
optimum detection sensitivity and the lN72's are biased both for 
minimum compression threshold and best compression ratio. These 
settings are not very critical and hence only one set of controls are 
used for all five channels. Smoother logarithmic response would, how- 
ever, result if all channels were individually controlled. 
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Several circuit configurations were tried before arriving at that 
shown in Figure 17. The first was the use of back-to-back 1N72 crystals 
capacitance-coupled to the 1N82 detector to simulate an a-c nonlinear 
load for the detector with short time constant decay. This was found 
to produce only about 5 decibels of compression and required relatively 
large signals for threshold of operation. By removing the coupling 

Fig. 18—Normalized response of straight-through circuit (A) and branch 
circuit (B) (linear mode). 
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condenser, the average component of the detected pulse increased the 
effective change in crystal impedance and resulted in a 12-decibel 
compression. It was seen that under this condition the back-to-back 
arrangement was only effective as a symmetrical load for weak signals, 
since the d-c component which reduced the crystal resistance in one 
direction, raised the resistance of the other crystal to the point where 

5000 

- 4000 

800 
- 600 
- 400 

Pig. 19—Current-voltage and resistance-voltage characteristics for two 
representative 1N72 crystals. 

- 1000 

0-2 0-3 0 4 0 5 
VOLTS POSITIVE Ex 

-1200 

it was nonconducting. To further increase the range of compression 
the two crystals were paralleled and compression ratios of 16-20 decibels 
were attained with available signal drive. Figure 19 shows a plot of 
Ir and R, = dEx/dIx versus E^. for two representative 1N72 crystals. 
It is evident that dR,./dEr, or resistance slope. Is greatest for the higher 
values of Rr. However, from considerations of video bandwidth require- 
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ments, the maximum allowable value of R,. was 300 ohms for the given 
circuit capacitance. The use of two crystals each biased to produce 
Rln = 600 ohms will produce a greater change with a given Af7r than 
a single crystal as biased at 300 ohms because of the greater slope at 
high values of Rr. Since it is desired to initiate and attain maximum 
compression at the lowest signal possible, two crystals were paralleled 
and biased to result in a 300-ohm dynamic resistance as mentioned 
above. 

FREQUENCY SETTING 180 MC 
SISNAL GENERATOR SET FOR 
1 VOLT OUTPUT 40% MODULATION *5 LIN1/ 
NUMBERS ON CURVES INDICATE y/ 
AT WHICH DETECTOR STAGE ^ 
THE OUTPUT WAS TAKEN. 4 UNV/ / 

/■y AC *3 LIN. 
//// *2 LIN. 

yV/ '"s L00v 

^ "s LOG 

Z LOG 

S i I 1 1 
-20 -15 -10 -5 0 +5 DB IN 

Fig. 20—Saturation characteristics of the log amplifier. 

Several curves of linear (resistive detector load) and compressive 
(nonlinear crystal load) operation for various channels of the ampli- 
fier are shown in Figure 20. These curves were taken with the circuit 
of Figure 17 using a 40 per cent sine-wave-modulated 180-megacycle 
signal input at A and a calibrated scope at B for the maximum avail- 
able input range. It may be seen that channel 5 produces 16 decibels 
compression which is limited only by the amplitude of the available 
signal. Care was taken that, with these steady-state strong signals, the 
delicate grids of the 416B were not permanently damaged. Subsequent 
results (Figures 38-40) show a 20-decibel compression ratio by the 
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use of pulsed test signals which simulate the basic function of the 
amplifier more realistically without danger of tube burnout. 

The lesser compression ratio of channels 3 and 4 are primarily due 
to poorer 1N72 crystals. Proper selection and distribution of crystals 
and individual bias controls among the several channels could be ad- 
vantageously used to produce a desired output-input relationship. Only 
limited crystal selection was deemed necessary in this amplifier, which 
produced about 2 decibels spread of the knee of the saturation curve 
with a median value of 15 decibels compression. It is desirable that 
the knee occur after conduction has begun in the previous stage so 
as to produce a smooth transition with increasing input signals. Since 
the stage gain is about 14 or 15 decibels, this criterion is barely at- 
tained. It would be desirable to have more stages of logarithmatizing 
if extreme logarithmic accuracy were desired. The added complexity 
and increased number of crystals and vacuum tubes mitigated against 
their use in the amplifier. Dynamic tests showed that the addition of 
all the sequential stage pulses produced a smooth over-all pulse as 
shown in Figure 40. 

An interesting phenomenon was observed during the saturation 
tests. In Figure 21, if the shunt filter Lf Cf were removed, increased 
compression resulted, so much so that at very strong signals the satura- 
tion curve had a negative slope as shown by the dashed curves. This 
produces a slight valley in the output pulse. The cause of this is the 
detection of the residual r-f pulse at the detector output by the 1N72 
crystals with reversed polarity, which tends to cancel the video pulse 
resulting from detection by the 1N82 detector crystal. This accounted 
for some unusually large compression ratios which had been measured 
with inadequate bypassing. A slight amount of back detection is evi- 
dent in the curve of Figure 20, but this is insignificant in determining 
the over-all appearance of the pulse. It does serve to insure that the 
saturation curve does not continue to rise with signal level. 

Since the bypass filter is a one-pole network with a resonant fre- 
quency at 180 megacycles, frequencies at the edges of the amplifier pass 
band would tend to produce a back-detection effect. As is evident from 
the pulse spectrum of Figure 8, frequencies around 180 megacycles 
predominate, and upon detection in the proper (1N82) crystal tend to 
instantaneously shift the operating point of the 1N72 to a lower im- 
pedance condition, which is also a poorer operating point for detection. 
Hence in a practical embodiment of pulse amplification, no downward 
droop of the saturation characteristic was observed. A separate test 
involving a 180-megacycle carrier and a smaller-amplitude 120-mega- 
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cycle side-band frequency showed greatly reduced back detection in 
the presence of the 180-megacycle signal. 

This effect could have been completely eliminated by the use of a 
2- or 3-pole filter or by the use of a balanced detector feeding the IN72 
crystals. Since the effect was not apparent under any conceivable 
operating condition, the added complexity was not warranted. 

Referring to Figure 17, it may be noted that the 1N72 crystal non- 

removed. 

linear load is d-c coupled to the grid of the 6AK5. Had a large enough 
capacitor been used for a-c coupling to provide good-low frequency 
video response (1,000 cycles), the time constant of the grid circuit 
would have been too great for pulse-to-pulse instantaneous compression 
particularly if the possibility of drawing grid current on a very strong 
pulse signal were considered. By using d-c coupling, the instantaneous 
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detection currents which serve to cause 1N72 crystal load-impedance 
compression may operate within one pulse duration after the incidence 
of a strong- pulse. No stretching of the pulse trailing edge has been 
observed in simulated dynamic tests. 

Wide-Band Delay System 

As described previously, the detected signals from the several 
stages must be added into a common load so as to form a single com- 
posite pulse. The requirements for the summation circuit are two-fold. 
First it must have adequate bandwidth so as to reproduce faithfully 
all the pulse spectral components, and secondly the delay between stages 
must be identical to that of the i-f amplifier stage both in average 
delay and in that of its major frequency components. Bode" has shown 
that there is a direct correspondence between the amplitude response 
of a filter and the envelope time delay of a signal passing through it, 
so that if the exact amplitude response of a stage can be measured 
over all practical frequencies (theoretically over an infinite frequency 
range) the phase characteristic can be plotted, and from this the time 
delay derived. Bode's method has been improved on by Murakami and 
Corrington.7 

The plotted i-f stage time delay can be matched against the known 
curves of envelope delay for a low-pass filter having adequate band- 
width to transmit all important sidebands of the pulse properly. In 
such an arrangement the detected envelope of a pulsed carrier passing 
along a low-pass delay line will keep pace with the signal through 
the i-f amplifier. 

When this approach was attempted, certain practical difficulties 
arose. An analysis of the method will bring out the fact that the major 
contribution to the average phase shift is due to the amplitude slope 
at the skirts of the i-f selectivity curve, far removed from the 3-decibel 
attenuation frequencies. Because of 416B overloading, inadequate 
signal generator output, and detector frequency response this approach 
proved impractical. It was also aggravated by the presence of poles 
outside the pass band (such as that due to the cathode compensation 
circuit) which tended to mask the asymptotic amplitude-frequency 
slope needed to calculate the phase response. Because of these limita- 
tions another approach was used. This involved an extension of the 

11 H. W. Bode, "Network Analysis and Feedback Amplifier Design," 
D. Van Nostrand Company, Inc., N. Y., 1945. 

7 T. Murakami and M. S. Corrington, "The Relation Between Amplitude 
and Phase in Electrical Networks," RCA Review, Vol. IX, p. 602, December, 
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"Band-Pass Low-Pass Analogy"8 to the time domain, namely that a 
band pass amplifier which is symmetrical in amplitude about a fre- 
quency in the pass band in an arithmetic manner (A(Wo_llJl) = A(W2__Wn)) 
will have the same time delay as a direct-coupled low-pass amplifier 
of the same amplitude response and % the bandwidth of the i-f 
amplifier. This may be more evident by considering that the carrier 
in the process of detection in a double-sideband system translates the 
various spectral components about itself so as to superimpose them 
upon their corresponding elements in a ((o0 — a) or (<0 — <i)0) manner. 
The change of sign of phase shift above and below the carrier frequency 
provides the necessary sign correction for the superposition process. 
To the extent that the attenuation slopes on the high and low frequency 
cutoffs are identical and the symmetry of the response in the pass band 
about u>0 is maintained, the band-pass and low-pass delays are identical. 
The problem then is to design a low-pass amplifier whose pass band 
and cutoff slope is approximately the same as the measured i-f char- 
acteristic. 

Figure 22 shows the wide-band delay line used in the summation 
circuit and osciliograms of the amplitude response when the input was 
shifted from A to F. This is a negative mutual filter having the 
equivalent circuit of Figure 23. The theoretical delay characteristics 
for various coefficients of coupling are shown in Figure 24.9 It is evi- 
dent that the delay is most constant over the pass band for a coupling 
corresponding to m = 1.4. The provision of adjustable mutual coupling 
in each stage allows the equalization of delay for slightly different 
i-f bandpass characteristics in corresponding stages. This is synony- 
mous with adjustment of the bandwidth and steepness of amplitude 
response of the low-pass delay line to match the i-f response. Figure 
25 shows the plotted amplitude responses of the various line sections 
of Figure 22, starting with section 5 alone, 4 and 5, 3, 4 and 5, etc. 
The 3-decibel bandwidth is at least 100 megacycles. This width was 
provided so as not to attenuate the higher-frequency components of 
the detected pulse beyond the amount lost in the i-f amplifier. To com- 
pensate for the slightly decreased delay resulting from the increased 
bandwidth, the cutoff slope was made slightly steeper than that of the 
i-f amplifier, as shown in Figure 26. This represents the i-f amplitude 
response of stage No. 5 alone (curve A) and both 4 and 5 (curve B) 
and a plot of the corresponding low-pass curves of Figure 25 placed 

8 V. D. Landon, "The Band-Pass Low-Pass Analogy," Proc. I.R.E., 
Vol. 24, p. 1582, December, 1936. 

9 E. L. Ginzton, W. R. Hewlett, and J. H. Jasberg, "Distributed Ampli- 
fication," Proc. I.R.E., Vol. 36, p. 956, August, 1948. 
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Fig. 23—-Equivalent cii'cuit of summing delay line. 
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symmetrically about u)0(= 27r X 184 X 1015). Curves A' and B' are 
seen to be wider than the corresponding i-f curves, but have slightly 
steeper slopes. The photographs of the superimposed detected pulses 
to be discussed later (Figure 40) indicate that the delay compensation 
was quite adequate for the particular radar purpose for which the 
amplifier was designed. For more precise requirements such as ranging 
and computer use or for rectangular pulses the point-by-point method 
of Bode might be justified. It should be noted that small perturbations 

Fig. 24—Relative time delay versus coupling factor, m, for the negative 
mutual delay line. 

in the amplitude response in the pass band do not materially affect the 
over-all delay, but do introduce a slight "dispersion" in the frequency 
components of the pulse. 

As shown in Figure 22b, the simplified schematic circuit diagram 
of the delay line, provision is made to adjust the gain of the individual 
amplifiers feeding the line so as to allow variation in tubes and slight 
differences in i-f stage gains. 

Figure 27 shows a schematic diagram of the wide-band log amplifier. 
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Pig. 25—Amplitude response of the summing delay line. 
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Fig. 26—I-F bandpass response and delay line low-pass response. 
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The various i-f stages are numbered (1), (2), etc., and the correspond- 
ing delay line sections located at the top of the figure are (I1) (21). 
etc. In the i-f stages the even-numbered tubes V_u F6, etc., are the 
grounded-cathode stages and the odd-numbered tubes, Vr„ V7, etc., are 
the grounded-grid stages. Component details have been included to 
provide design data. 

At the input to there is a combined 170-ohm transmission line 
matching network and optimum transfer network into the tube input 
impedance. The circuit arrangement and frequency response of the 
network fed from 20 feet of 170-ohm cable are shown in Figure 28. 
This is considerably more complex than the network of the linear wide- 

FREQ. MC 

Fig. 28—Circuit arrangement and normalized transfer response of the log 
amplifier input circuit. 

band amplifier previously described1 and results in adequate match 
from 90 to 290 megacycles compared to the 130 megacycles attained 
therein. 

The problem of designing a matching network was very real since 
the log amplifier was to be fed by a cable from a remote pre-amplifier 
which served to provide about 30 decibels of gain from the crystal 
mixer. It is evident that the input impedance must be resistive within 
approximately 10° over the pass band to provide a 200-megacycle match 
as shown, hence a dissipative network was used to allow less critical 
tuning adjustments. One preamplifier which was to be used with the 
log amplifier is shown in Figure 29. 
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To allow direct comparison of signals linearly or logarithmically 
amplified, a remotely driven switch, Sl of Figure 27, is located in the 
housing of stage 5. This substitutes a 300-ohm resistor for the 1N72 
crystal nonlinear load and simultaneously biases negatively the screens 
of the summing 6AK5, except for tube No. 23. Other positions of 
switch S^ allow the viewing of the outputs of each stage by itself 
^positions 1 to 5) and the summed or log output in position 7. 

Pig. 29—Preamplifier for the log amplifier. 

Due to the considerable variation in 416B tube characteristics, 
switch So allows the individual adjustment of tube currents to 30 
milliamperes. 

Wide-Band Video Amplifier 

At the right-hand side of Figure 27 schematic diagram is a wide- 
band video amplifier consisting of V24 (6AK5) summing amplifier 
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driving two 416B's, V13 and V14, both operating as grounded-cathode 
amplifiers. Because V14 was to feed two channels interconnected by 
170-ohm cables, the plate impedance of 85 ohms results in a stage 
gain of 4. By carefully controlling the reactive elements and matching 
of the far end of the line, positive feedback through Cpg resulted 
mainly in increase in input capacitance according to the relation 

AC; = C,,, (7,,, ZL cos ft 

- 4.2 Cpg, 

where 0 = load phase angle. 

Fig. 30—Wide-band video amplifier response. 

The plate network of V14 and a tuning adjustment of the interstage 
network between V13 and V14 allowed compensation for the above 
capacitance. The response of the video amplifier is shown in Figure 
30, which indicates a 3-decibel bandwidth of 95 megacycles and a gain 
of 26 decibels. There is a loss of about 2 decibels in the summing tube 
V24 because of the greater than optimum grid bias adjustment to allow 
full pulse swing without drawing grid current. For small-signal oper- 
ation, a gain of 3 decibels can be realized by use of optimum grid bias. 

Provision is made to insert range blanking into the last video 
amplifier as well as gating in the first stage of the i-f amplifier. The 
use of 1N54-A diodes provides clamping action for the above function. 

Figures 31 and 32 are photographs of the log amplifier. Figure 31, 
a left front view, shows the arrangement of the i-f, video, and summing 
amplifier stages. Careful shielding between stages and double filtering 
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CURRENT SET 
CONTROLS 
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Fig. 31—Logarithmic amplifier, front view. 

of all connections into each stage resulted in an amplifier singularly 
free of regeneration. The problem of providing adequate cooling of 
the 416B tubes was solved by using the bottom chassis as an air box 
from which plastic tubing through openings in the bases channelled 
air to both the grid and plate seals resulting in seal temperatures 
which were well below maximum allowable ratings. 

The amplifier fits into one half standard aircraft ATR rack but the 
front panel was made large enough to support supplementary equip- 
ment for system operation. 

Figure 32 is a right rear view of the amplifier. The crystal detector 
and logarithmatizing crystals are shown in the view. Figure 33 shows 
the amplifier with the shields in place and the front panel removed. 

-SUMMING DELAY LINE- 

VIDEO 
STAGES 

Fig. 32—Logarithmic amplifier, back view. 
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Pig. 33—Logarithmic amplifier with shields in place. 

Dynamic Test of "Log-Lin" Amplifier 

Figure 35 shows an arrangement to test the dynamic performance 
of the amplifier. VHF signal generator provides a 184-megacycle CW 
carrier to the "Narrow Pulse Modulator" which is triggered by the 
"Wide Pulse Generator" (0.3 microsecond) to produce a 10-millimicro- 
second cosine-shaped pulsed carrier. The amplitude of output of this 
pulsed carrier can be linearly controlled by the calibrated attenuator 
of the signal generator. The pulsed 184-megacycle carrier is fed into 
the "Log-Lin" amplifier through a 170-ohm cable, and the amplifier 
video output goes into a 3-stage, rack-mounted, wide-band amplifier, 
as shown. The latter drives a low-capacitance high-intensity oscillo- 
scope with provision for fast pulse photographic means. The wide pulse 
generator is also used to provide either sweep trigger for the scope at 
a 15-kilocycle repetition rate or the pulse rise itself may be used as 
the scope time base to expand to 10-millimicrosecond pulse on the face 
of the scope. Furthermore, the 0.3-microsecond pulse drives a triggered 
55-megacycle oscillator which is used as a pulse-width calibrator 
(% cycle =» 9 millimicroseconds). By superimposing both the pulse 
and the 55-megacycle sine wave, calibration is accurate regardless of 
the time-base linearity. A schematic diagram of the oscillator is shown 
in Figure 36. 

WIDE BAND SWEEPER 
80-350 MC PULSED CARRIER 

GENERATOR 
Fig. 34—Wide-band sweeping oscillator for amplifier alignment. 
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WIDE BAND 

Fig. 35—10-millimicrosecond pulsed-carrier signal generator. 

Fig. 36—Crystal-stabilized ringing circuit. 
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Pig. 37—Detected pulsed carrier signal generator output, (a) Sawtooth 
time base with 55-megacycle markers, (b) Pulse time base with 55-niega- 

cycle markers. 

Figure 37 shows oscillograms of the detected output of the pulsed 
carrier signal generator, with the superimposed 55 megacycle sine wave 
calibrating voltage. In Figure 37a, the pulse is shown somewhat 
widened by the detector filter circuit on an expanded sawtooth sweep. 
In Figure 37b, the steep voltage rise of the .3-microsecond trigger pulse 
is used as a deflection means. This produces a sweep speed greater 
than 4 inches per microsecond, thus allowing quite accurate measure- 
ment of pulse shape and duration. The test pulse is estimated to be 
about 11 millimicroseconds at 3 decibels down and is made somewhat 
narrower than that of Figure 37a by the expedient of reducing the 
detector filter capacitance. Since this cannot be reduced below the 
minimum used in photographing Figure 37b, the actual signal gen- 
erator pulse is approximately 10 millimicroseconds wide. 

Figure 38 shows output pulses from stage 5. In Figure 38a the 
amplifier is in the linear mode and the input signal changed 20 decibels. 
In Figure 38b the same input signals are used but the amplifier is 
switched to the log mode. The degree of signal compression and the 
pulse shapes are very evident. It is estimated that at least 18 decibels 
of compression is attained at this input amplitude. 

Figure 39 shows another comparison of the "Lin-Log" operation 
of stage 5. The video output is shown for constant signal input when 
the amplifier is switched from "Lin" to "Log" operation. About 18 
decibels of compression is illustrated. 

Fig. 38—Video output of stage 5. (a) Linear operation input signal ratio 
20 decibels, (b) Log operation input signal ratio 20 decibels. 
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Figure 40 illustrates the operation of the complete amplifier includ- 
ing the video amplifier. Pulse a is the output with the amplifier in the 
linear mode and would rise to at least 3 times its height but for the 
internal shield in the XP-11 cathode-ray tube and test equipment over- 
load. This is purposely expanded to show the various components of 
the composite logarithmic output, pulse b. Pulses c, d, and e are re- 
spectively the compressed outputs of stage 5, 4, and 3. Stage 2 output 
was evident, but too small to photograph under these conditions. It is 
important to note that the sequential stage outputs do coincide in time, 
which fact tends to confirm the assumption of equal time delay in the 
i-f and video channels. It might be noted that there is a small amount 
of decompression in the video amplifier for very low signals since the 
composite log pulse is slightly greater than the sum of its parts. This 
is difficult to overcome with normal tubes having positive Gm curvature 
in the cutoff region, but since the effect is quite small the increased 

Fig. 39—Video output of stage 5 Fig. 40—Araplifiei' video output for 
for constant signal input, (a) Lin- constant signal input, (a) Linear 

ear mode, (b) Log mode. mode, (b) Log mode, (c) Output 
of stage 5. (d) Output of stage 4. 

(e) Output of stage 3. 

complexity resulting from wide-band compensation circuits makes their 
use unjustified. 

In normal use of the amplifier at least 30 decibels of wide-band 
amplification precedes the input. Since the preamplifier was not avail- 
able during these dynamic tests, the maximum dynamic range could 
not be shown nor could the appearance of signals in noise. The latter 
should appear quite similar to that in a linear system for weak signals, 
unless sufficient preamplification is used to drive the noise voltage 
amplitudes of approximately the r-m-s value into the compression 
region. This is normally not a desirable condition of operation because 
by keeping the noise amplitudes in the square-law region of the de- 
tectors, an improvement in S/N ratio is attained for signals in the 
vicinity of two times noise and higher. 

If it is desired to have greater compression and a lower threshold, 
one or more 1N72 crystals can be paralleled with the two used in the 
amplifier described herein. 
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Dynamic Range 

The dynamic range of the amplifier may be divided into two factors 
•—the linear dynamic range and the compression dynamic range. In 
Figure 41, is the maximum detected voltage at the video input 
which will start to limit in the system. 

Fig. 41—£7„ut versus Ei„ for the "log-in" amplifier illustrating 
dynamic range. 

For the linear amplifier, EnnM~E1G
n-, 

for the log amplifier E'limit = E-i nG, 

where E^ and E2 are the minimum input voltages to the amplifier 
which will produce saturation at the video input for the linear and 
log modes, respectively. Therefore 

E2 G» G'-1 

E1 nG n 

and 

E2 

Sic = 20 log = («—1) Gt,b — ndb, 
Ex 

where 3lc = compression dynamic range. 

For w = 5, Gdb = 14, ^ = 56 — 14 = 42 decibels. 

The total dynamic range (R, is (Rc plus the linear range which is 

= 20 log (E1/E,l), where E,, = the r-m-s noise voltage, the smallest 
useful voltage to be amplified. SlL «= 25 decibels. Therefore git = Qc 

+ 3lL = 67 decibels. 

Wide-Band I-F Sweep Generator 

Because of the unavailability of test equipment for alignment and 
testing of wide-band circuitry for ten millimicrosecond pulsed carrier 
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systems, three experimental test equipments were built and extensively 
used in the log amplifier development program, namely; 

1. Wide-band i-f sweep generator, 
2. Wide-band video sweep generator, 
3. Short-pulse-modulated carrier generator. 

The wide-band i-f sweeper uses a "butterfly" circuit, as shown in 
Figure 42, to generate a sweep from 84 to 350 megacycles and provides 
about 1 volt into 50 ohms. Although no great effort was made to 
provide a linear sweep, the high-frequency end is sufficiently expanded 
to allow rapid alignment in that region. The position of the large 
output coupling loop, and the self resonance cathode circuit at the 
low-frequency end allow the equalization of output so that a maximum 
of 3 decibels amplitude variation occurs over the whole band. Figure 
34 is a photograph of the sweeper showing the synchronous motor drive 
which allows scope synchronization to the line frequency. 

Ten-Millimicrosecond Pulsed-Carrier Generator 

The schematic circuit of the pulse generator used in the dynamic 
testing of the log amplifier is shown in Figure 43. Here a trigger 
generator drives a type 1258 hydrogen thyratron with a 0.3-microsecond 
pulse, and a damped cosinusoidal oscillation of approximately 25 mega- 
cycles occurs in its plate circuit. Cj adjusts the frequency, hence the 
width, of the half-cycle pulse which drives the screens of a balanced 
modulator. The latter consists of balanced ferrite cored transformers 
T3 and Ti and two 6AK5 pentodes. The r-f carrier input is fed anti- 
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Fig. 43—Short pulse carrier generator (.01 to .03 microsecond). 

phase at the grids while the pulse from To is fed inphase to the 
screens. The use of a long-time-constant circuit in the 6AK5 plate 
supply insures that the modulator will conduct only on the first positive 
pulse cycle. By adjusting the 5.6-megohm resistor it is possible to get 
two or more pulses. A damper diode could also have been used to 
insure single-cycle firing, but the circuit used is flexible and effective. 
The grid-bias control allows the selection of the conduction point of 
the modulator, and hence the pulse width. Adjusting this in conjunc- 
tion with C] allows the selection of a variable width undistorted cosine- 
shaped pulsed carrier whose amplitude may be controlled by the r-f 
input level. A photograph of the generator is shown in Figure 33. 

Fig. 44—Wide-band video sweep generator. 
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Wide-Band Video Sweep Generator 

Figure 44 is the schematic diagram of a sweep generator which 
extends from 0 to 120 megacycles with a maximum of two decibels 
amplitude variation. This variation occurs mainly above 90 megacycles. 
The signal generator is maintained at 90 megacycles, with low output 
level relative to the wide-band i-f sweeper which provides a high level 
signal 84-300 megacycles (about 1 volt into 50 ohms) to the balanced 
modulator. The latter consists of a ferrite cored balanced transformer 
Treversed 1N72 crystals, and an equalizing load filter L^C1. The use 
of a weak fixed signal and a sweeping strong signal insures that the 
beat (video) frequency be dependent in amplitude only on the weak 
(fixed) signal. Therefore amplitude variations up to 10 decibels in 
the sweeper across its frequency band will not appear in the video 
output. 

The use of the video sweep in the alignment of the summing delay 
line was shown in Figure 22. Self-generating markers at 0, 30, 45, 
and 90 megacycles are evident on the oscillograms. 

Conclusion 

This paper describes a compact five-stage logarithmic amplifier 
having an over-all bandwidth of 180 megacycles centered at 180 mega- 
cycles and a total dynamic range of 67 decibels. The input signal 
required for 0.2 volt output from the fifth-stage detector in the linear 
mode is approximately 700 microvolts of 100 per cent modulated carrier 
at 180 megacycles. The amplifier input is impedance matched to a 
170-ohm line to within ± 1 decibel over a 200-megacycle bandwidth. 
Additionally, a video amplifier of 90 megacycles bandwidth and 28 
decibels gain feeding two parallel, matched, 170-ohm lines and driven 
by the logarithmic amplifier has been described. Means are included 
for the insertion of i-f amplifier gating, and for various blanking 
signals into the video amplifier. A novel method of continuous detection 
and wide-band video delay have been incorporated in the amplifier 
system. 

Furthermore a description of amplifier alignment equipment using 
newly developed wide-band sweep, video, and ultra-short-pulse genera- 
tors is included. 
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Appendix 

Some useful relationships for designing negative mutual delay- 
lines are given below. 

L»M L« M 
—rnn— 

=7= C 
J_ 

Lk= series inductance of constant-K filter = 2^0/0,., 

CK — shunt capacitance of constant-Tf filter = 2/ (m(:Rq) , 

TT 
Ra — terminating resistance = \/  , 

Cfc 
<d0 = angular cutoff frequency = 1/ (tt jRq Ck), 

1YI" 4* 1 
L = series inductance of negative mutual filter = Lk , 

Am 

m2 — 1 
M — mutual inductance of negative mutual filter 

C = wCj;, 

M m- — 1 
k — coefficient of coupling = — = , 

L m2 + 1 

Am 

m 
: + k 

1 — k 

XK = 0)/ <DC, 

Xm = 'V™. 
t = time delay per section 

del) 2 vi 

din 

2 

\/l — xm- [1 — xm- (1 — m2) ] 

\/m- — x,;2 [m2 — x,.2 (1 — vi2) ] 
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